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1. Introduction

Singularity? Topological star/black hole model [1,2,3]

A five-dimensional Einstein-Maxwell theory

| T
= | P®x\/—§ — — FMNp
o / VI (16WG5R 167 MN

The extra dimension y is a warped circle with radius R,

ds®> = —fs(r)dt® + fp(r)dy* + 7 dr? + r2d* + r? sin? 0d¢?
S
F = Psinfdf A do,

r 1
fa(r)=1-1z fo(r)=1— = P =t V/3rss

1
(r)fB(r)

r

Similar to the classical black hole in macrostate geometries

Constructed from type 1B string theory

[1] I. Bah and P. Heidmann, Phys. Rev. Lett. 126, 151101 (2021), [2011.08851].
[2] I. Bah and P. Heidmann, [2012.13407].
[3] S. Stotyn and R. B. Mann, Phys. Lett. B 705, 269 (2011), [1105.1854]. 3/21



1. Introduction

KK reduction
A four-dimensional Einstein-Maxwell-dilaton theory
3
= [ d*zy/—g — 9,00,
S / v (16 G4 grg, Y On®0
6—2@
_ pv
1671'62FWF )
Gy = 62G5 e2 = ﬁ 022 _ fgl/Q
- 2 5 2 r’ 2 192
Metric  ds; = fA|—fsdt® + +r2d6? + r* sin® Od¢?
fBfs
fe(r)=1-1E

1/2 .
r <rg fB/ becomes to imaginary

is the end of the spacetime

A four-dimensional static spherical symmetric charged black hole with scalar hair
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1. Introduction

Electromagnetic field A, = (0,0,0, —%1 / ?’TGBTS cosf)
4

Mass and magnetic charge

2rg +1rp
M =
( 4Gy )’
. 1 3?“3?“5
Qm = Ale?

rl) = 2G,(M — Mp), 8 =Gu(M+ Mp).
2 = GuM+ M), P =26, (M- Mu).

--.3
%
I
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1. Introduction

2
V2Q
where M?2 = M? — m
~ ( V3G
3
NS 0<0Q,, < \EG4M larger
RN 0<Q<GuM

Gregory-Laflamme instability [4]?
The stability of small perturbations

r?) = GuM + Mp), ¥ =2G4(M — Mp).

The second solution is stable [3].

[3] S. Stotyn and R. B. Mann, Phys. Lett. B 705, 269 (2011), [1105.1854].
[4] R. Gregory and R. Laflamme, Phys. Rev. Lett. 70, 2837 (1993), [hep-th/9301052].
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2. Perturbation equations

Perturbed fields

¢ =P+,
A, = A, +ay,
I = Guv + h,tw
background perturbations
spherical symmetric spherical harmonic

scalars, two-dimensional vectors,
and two-dimensional tensors

7121



2. Perturbation equations

Scalar base Yim (0, 9)

(I/I,lm)a — aaﬁam(eaqs)a
({/g?m)a — 'cheac@b}/l,m(gagb)-

\Vector bases

(Tfm)ab = (Y:!,m);aba

Tensor bases (T )ab = YimYab,
: 1
(]fm)ab = 5 [EZ (Yl,m)Ecb "—Eg(Yl,m)?ca ] 5
Space inversion
Even or polar parity (-1 Yo Vi Timo Tiom
Odd or axial parity (—1)+1 Vi Tin
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2. Perturbation equations

Background scalar field and metric field are even parity

2d —1/2
e = fB/

dr?

ds? = f2[— fsdt® + 2

+ 1r2df* + r* sin® 0d¢?]
Background magnetic field is odd parity

e |3rgrs
A“:(O’O’O’_i‘/ . cosf)

Scalar perturbation and even-parity parts of the metric perturbations couple to the
odd-parity parts of the electromagnetic perturbations (type-I coupling)

The odd-parity parts of the metric perturbations couple to the even-parity parts of
the electromagnetic perturbations (type-I1 coupling)
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2. Perturbation equations

In the Regge-Wheeler gauge [5]

Odd parts of the perturbation h,,

000 hg

%1 —l sin 9891/,3,() (9)
0 ]

* O O
* O O

huw = Ze_m {
l

o OO

Following ref. [6]

fuw = Opay, — O0yay,.

even parts of the perturbation fuv

0 f(]l f(]? 0

r —iw x 0 : 0 .
fuvr = Z et 0 x ‘%2 o | sin 009Y;.0(0)
: 0 = 0 0

we have chosen m = 0 for simplify

[5] T. Regge and J. A. Wheeler, Phys. Rev. 108, 1063 (1957).
[6] F. J. Zerilli, Phys. Rev. D 9, 860-868 (1974).
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2. Perturbation equations

Equivalent to

— 1wt
ar = _E e " fOQl/l,Oa
l
—iwt
Ay = _E e "™ leYE,Oa
l

(19:0,
GJQI):O.

fuw = Opay — Opay.  E===) for = Or fo2 + 1w f12.

1
dr, = —=——dr

Tortoise coordinate VIBfs
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2. Perturbation equations

Master perturbation equations

d2
U8 (@ = Vi — Vi = 0
21y,
U (@~ Vi)t — Varthy = 0
where B I(1+1)  3(r%(13rs —9r) + 16rgr?)
i = Js r2 16fpro>
3rp(2r — Trg)
s falr) =1- 2
e pl/4
B ifsfg f
iz = el(l+ 1)r3 OrBTsWha,
() QTBT.SefS 7 — 77bm
Vo = 2 (- )i+ 1)(1 +2), Ym = =2
/4 3 o
Rawfpg T
3rnr l(l+1 eliminate e
Vay = fs[ 2=+ (,rg )]-
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3. Quasinormal modes

Matrix-valued direct integration method [7]

Compact form P2Y
d7‘2

*

Y = ( Vg )
Ym

+ (w2 = V)Y =0

Boundary conditions

Pure ingoing waves at the event horizon
Y; ~ bie” ™ r, = —o00.
Pure outgoing waves at spatial infinity

Y; ~ B, 1, — +00

[7] P. Pani, Int. J. Mod. Phys. A 28, 1340018 (2013)
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3. Quasinormal modes

Matrix-valued continued fraction method [8]

Eigenfunctions

hy = (r—rg) P(r—rs+ 1P (p —pg 4 1) 2T Za H(r)"

Vm = (r—rg) P(r—rg + 1)PeT ) (p — pg 4 1)Hre/2trs)w fp()3/4 Z al

Z‘
zr% w

where p=

[8] E. W. Leaver, Proc. R. Soc. Lond. A 402, 285-298 (1985).
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3. Quasinormal modes

seven-term recurrence relations

apA1 + PoAo =0,

a1As + B1A1 +11Ag = 0.

az2Asz + [B2Az +72A1 + p2Ag =0,

azAyg + [3A3+7v3A2 + p3Ag +A3A0 =0, A — ( al )

agAs + BaAsg+ vaAsz 4+ paAa + Ay o \aey
+ 04A9 =0,

anAni1 + OnAn+"MmAn-—1+ pmAn—2+ A\nAn_3

+ onAn_4+0nAL_5 =0,

A three-term recurrence relation can be obtained through a matrix-valued version of
the Gaussian elimination

Solve the inverse of the coefficient matrices
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3. Quasinormal modes

11 12 11 12
N )
li@. B5¢ of «

11
4 4
21 22 )\21 /\22 21 22 21 22 21 22 21 22

11 512 11 12 11 12 11 12 11 12 pll pl2 11 12
05 O3 50 A O - e e 5 5 Q5 Op

21§22 21 22 21 22 21 22 .21 .22 21 22 21 22
057 05~ o5 05 A5 AT ps psT V5 5 5 5 Q5 Qjp

11 12 11 12 y11 y12 11 12 11 .12 g1l gi2
0,° 0, o, 0.0 A, A B

1112
51 B2 B1 52 (%1 122 p31 p?z ?gl q%z 91 592 agl agé &
Tr.

\ (Sn (571. O-n O'n )\n A n p n :0 n fyn.. ’}/n )6 mn B mn O:n an / \ a n ]

The QNMs are those which make the determinant of the coefficient matrix is zero.
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3. Quasinormal modes

Qm /M| Charged BH DI Charged BH CF |Q/M RN BH
wrM  wiM wrM  wiM wrM wiM

0 0.37367  -0.08896210.37367  -0.088962 0 0.37367 -0.088962

0.2 ]0.37474  -0.089081 (0.37480  -0.089095| 0.2 0.37474  -0.089075

0.4 0.37848 -0.089429]0.37855 -0.089463| 0.4 0.37844  -0.089398

0.6 ]0.38641 -0.08998210.38649 -0.090086| 0.6 0.38622 -0.089814

0.8 ]0.40163 -0.090500(0.40169 -0.090886| 0.8 0.40122  -0.089643
1.12 ]10.47027  -0.084231]0.47153  -0.092731{0.9999(0.43134 [77] -0.083460 [77]

fundamental QNMs for the gravitational field i, with [ = 2
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3. Quasinormal modes

Qm/M]| Charged BH DI Charged BH CF |Q/M RN BH
wrM  wiM wprM  wiM wr M wiM

0 ]0.45715 -0.09478410.45715 -0.094784| O 0.45759  -0.095004

0.2 ]0.46295 -0.095377|0.46296 -0.095359| 0.2 0.46297  -0.095373

0.4 10.47969 -0.096462(0.47969 -0.096441| 0.4 0.47993  -0.096442

0.6 ]0.51053 -0.098155|0.51055 -0.098133| 0.6 0.51201  -0.098017

0.8 10.56316  -0.10008 |0.56320  -0.10002| 0.8 0.57013  -0.099069
1.12 |0.78258 -0.091135]0.79925 -0.098085(0.9999(0.70430 [77] -0.085973 [77]

fundamental QNMs for the magnetic field y,,, with [ = 2

The differences of the frequencies of fundamental QNMs between the
charged black hole with a scalar hair and the RN balck hole are very small.
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3. Quasinormal modes

En: 1.05
3 ﬁ
0.5
00 00 B | |
0.0 0.2 04 06 0.8 1.0 ‘00 02 04 06 08
Qn/M QM
(a) The real parts of the QNF's for the charged black (b) The real parts of the QNFs for the RN black hole.

hole with scalar hair.
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3. Quasinormal modes

0.098

Wm.1=4

=6 |
o Wq, =2 ' 0.092
0.090 __rrrrocemeeree Wg.l=4 0,000
00020406 081.0 |

0.0 .

Qm/M M
(a) The imaginary parts of the QNFs for the charged Q
black hole with scalar hair. (b) The real parts of the QNFs for the RN black hole.
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4. Conclusions

We studied the QNMs of this charged black hole by studying the linear
perturbation of the gravitational field and the electromagnetic field.

We obtained two coupled perturbation equations.

The extra dimension radius Ry has no effect on the QNMs.

The differences of the frequencies of fundamental QNMs between the
charged black hole and the RN balck hole are very small.

Thanks for your attention!
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