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Recent Results in Black Hole Chemistry

• Accelerating Black Hole Thermodynamics
• Holographic Black Hole Chemistry
– Holographic Smarr Relation
– Holographic Complexity and Thermodynamic Volume
– Central Charge Criticality

• Black Hole Multicriticality
• And more!



Accelerating Black Holes
• Basic features
– both an event horizon and an acceleration horizon
– Thermodynamic equilibrium can’t be maintained

• Asymptotically AdS
– Acceleration horizon removed for small acceleration  
– Cosmic string suspends BH away from the centre of AdS

• Conflicting Results for Thermodynamics
– Differing identifications of mass 
– Role of conical deficits in first law not clear
– Free energy/action not compatible

Appels/Gregory/ Kubiznak PRL 
117 (2016) 131303;

JHEP 1705 (2017)116  
Astorino PRD95 (2017) 064007
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Asymptotics

ds2 = 1
Ω2 [− fdt 2 + dr

2

f
+ r2(dθ

2

Σ
+ Σsin2θ dφ

2

K 2 )]

Ω = 1+ Ar cosθ
Σ = 1+ 2mAcosθ

 
1+ R

2

ℓ2 = 1+ (1− A2ℓ2 )r2 / ℓ2

(1− A2ℓ2 )Ω2            Rsinϑ = r sinθ
Ω

m = 0

 

dsAdS
2 = −(1+ R

2

ℓ2
)α 2dt 2 + dR2

1+ R
2

ℓ2

+ R2(dϑ 2 + sin2ϑ dφ 2

K 2 )

 α = 1− A2ℓ2
Correct time coordinate
      is τ =αt



Thermodynamic Quantities

• Thermodynamic
– Via the Smarr Relation

• Conformal
– Via Electric part of Weyl Tensor

• Holographic
– Via AdS/CFT counterterms
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With Charge and Rotation
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Snapping Swallowtails
Q = 1
µ = 0.1

A new branch of 
(unstable) black holes 

at low pressure
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 AdS5 × S
5 ⇔ N = 4 SU(N) Super Yang-Mills
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4
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Variable  P

Conjugate
volume V

Variable Λ
8πGd

 

 Vary N 2

Conjugate
chemical 
potential
for colour µ

Johnson  CQG 31 (2014) 205002
Dolan JHEP 1014 (2014) 179
Kastor/Ray/Traschen JHEP 1114 (2014) 120

Variable Field 
Theory Volume
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Gravitational 
Coupling Gd

Karch/Robinson  JHEP 1015 (2015) 73

Variable     and AdS/CFT?Λ



Holographic Smarr Relation
Karch/Robinson

JHEP 1512 (2015) 073
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Holographic Complexity

Complexity = Volume Complexity= Action
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 C Σ( ) :  quantum complexity of boundry state at time slice Σ

 

V(B) :   volume of extremal 
             co-dim-1 slice  B
     R :  arbitrary length  scale 
           (eg AdS length)

Susskind  1403.5695
Fortsch. Phys. 64 (2016) 24

Stanford/Susskind 1406.2678
PRD 90 (2014) 126007

WDW :  Wheeler-de Witt patch 
             domain of dependence of
             Cauchy slice  Σ
                     
 IWDW :  action on this 
               domain

Brown/Roberts/Susskind/
Swingle/Zhao 1509.07876  
PRL 116 (2016) 191301 ;
PRD 93 (2016) 086006 



Complexity and Black Hole 
Thermodynamics
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Complexity ~ Thermodynamic Volume

• Degeneracy between entropy and volume for   
most spherically symmetric black holes

• This degeneracy is broken for rotating black holes

 Entropy S = πr+
2  Volume V = 4πr+

3

3

3+1 Dimensional Charged Black Holes
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Computing Complexity in Rotating 
Black Holes?

• Null hypersurfaces are complicated functions 
of polar angle as well as radial variable

• Not clear how to match null hypersurfaces
from AdS boundary to interior

• Caustics can form if charge is sufficiently large

Problem drastically 
simplifies for multiply-
rotating black holes in 
odd-dimensions with 
equal angular momenta

AlBalushi/Mann 
CQG 36 (2019) 245017

Imseis/AlBalushi/Mann 
CQG 38 (2021) 045018
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Causal Structure
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Complexity equals Action
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Complexity equals Volume
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Holds for all higher odd dimensions

Thermodynamic Entropy

    S = Ω2N+1h(r+ )r+
2N

4GN

       Thermodynamic Volume

V = r+
2(N+1)Ω2N+1

2(N +1)
+ 4πaJ

(2N +1)(N +1)



Lesson: Complexity of Formation 
scales with Thermodynamic Volume
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Benamonti/Bigazzi/BilloFaggi/Galli
JHEP 2111 (2021) 037

Also for Kerr-AdS (partial 
results) and BTZ!

Andrews/Hennigar/Kunduri
CQG 37 (2020) 204002

And solitons!



Entropy Bounds Complexity
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Central Charge Criticality
Cong/Kubiznak/Mann

PRL 127 (2021) 091301Recall Holographic Smarr Relation
Dimensional 

Scaling 
suggests

CFT 1st Law

Bulk 1st Law

Bulk Smarr
Relation



Bulk 1st Law Variable G

Conjugate to G

Rewrite in terms 
of Pressure

“Mixed” Bulk 
1st Law

New 
Thermodynamic 

Volume

Conjugate 
Chemical 
Potential 

Satisfies Reverse Isoperimetric 
Inequality for negative Chemical 

Potential
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Bulk: Critical Pressure Boundary: Critical Central Charge

C > Cc

C < Cc

C = Cc

Charged AdS Black Holes

Cong/Kubiznak/Mann
PRL 127 (2021) 091301

Kubiznak/Mann
JHEP 1207(2012) 033 



CFT Ensembles
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fixed (Q̃, p, C) : F1 ⌘ E � TS + pV = �̃Q̃+ µC + pV ,

fixed (Q̃, p, µ) : F2 ⌘ E � TS + pV � µC = �̃Q̃+ pV ,

fixed (�̃, p, µ) : F3 ⌘ E � TS � �̃Q̃+ pV � µC = pV ,

fixed (�̃, p, C) : F4 ⌘ E � TS � �̃Q̃+ pV = µC + pV ,

fixed (�̃,V, µ) : F5 ⌘ E � TS � �̃Q̃� µC = 0 .
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fixed (Q̃,V, C) : F ⌘ E � TS = �̃Q̃+ µC ,

fixed (�̃,V , C) : W ⌘ E � TS � �̃Q̃ = µC ,

fixed (Q̃,V, µ) : G ⌘ E � TS � µC = �̃Q̃

No Interesting Phase Behaviour

Interesting Phase Behaviour

Visser PRD105 (2022) 106014
Cong/Kubiznak/Mann/Visser

JHEP 08 (2022) 174
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Free Energy Phase Diagram
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fixed (Q̃,V, C) : F ⌘ E � TS = �̃Q̃+ µC ,

fixed (�̃,V , C) : W ⌘ E � TS � �̃Q̃ = µC ,

fixed (Q̃,V, µ) : G ⌘ E � TS � µC = �̃Q̃

Free Energy Phase Diagram

high entropy
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Holographic Dual of Black Hole 
Chemistry Belhaj/Cong/Kubiznak/

Mann/Visser
PRL 130 (2023) 181401
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! = 1 ) V / Ld�2
Standard choice: CFT volume
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µ�C and �p�V not truly independent
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variable GN
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! as a thermodynamic variableInstead
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V / (!L)d�2CFT volume

Revised Holographic Dictionary

Bulk 1st Law
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�M = T �S + V �P + ��Q+ ⌦�J
Full Duality

No Degeneracy
G fixed
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�Ẽ = T̃ �S + ⌦̃�J + �̃�Q̃+ µ�C � p�V
Boundary 1st Law
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CFT Criticality: Open Questions

• Duals of Re-entrant Phase Transitions, Triple 
Points, Superfluids,….

• Higher Curvature terms?
• How to incorporate 1/N corrections?



Multicritical Behaviour

• Multicritical Behaviour
– Multiple Phases become indistinguishable at a 

particular set of thermodynamic parameters (P,T)
• Do black holes exhibit such behaviour?
• Gibbs Phase Rule
– Constrains the number of phases in terms of the 

number of thermodynamic parameters
<latexit sha1_base64="DWmK3LhbomKrf0R7SPOf4PKMTMA=">AAAB73icdVDLSgNBEOz1GeMr6tHLYBAEcdndxCQehKAgHiOYByRLmJ1MkiGzD2dmhbDkJ7x4UMSrv+PNv3E2iaCiBQ1FVTfdXV7EmVSW9WEsLC4tr6xm1rLrG5tb27md3YYMY0FonYQ8FC0PS8pZQOuKKU5bkaDY9zhteqPL1G/eUyFZGNyqcURdHw8C1mcEKy210NV586R2bHdzecs8q5ScUwdZpmWVnUIpJU656BSQrZUUeZij1s29d3ohiX0aKMKxlG3bipSbYKEY4XSS7cSSRpiM8IC2NQ2wT6WbTO+doEOt9FA/FLoChabq94kE+1KOfU93+lgN5W8vFf/y2rHqV9yEBVGsaEBmi/oxRypE6fOoxwQlio81wUQwfSsiQywwUTqirA7h61P0P2k4pl0yizfFfPViHkcG9uEAjsCGMlThGmpQBwIcHuAJno0749F4MV5nrQvGfGYPfsB4+wRjAY7q</latexit>

F = W � P + 1
number of 

independent 
intensive 

parameters
number of 

conjugate pairs

number of coexistent phases



Black Hole Multicriticality

J2
J1

= 0.05

Pc1 = 0.259
Pc1 = 0.0956

Altimirano/Kubiznak/
Sherkatgnad/RBM

CQG 31 (2014)  042001

Triple Point!

Recall: Doubly rotating black hole



Multicriticality in Non-linear 
Electrodynamics

<latexit sha1_base64="OXn6pfE06/IjV4s45EJKCLxJUm0="></latexit>

S =

Z
d4x

p
�g

 
R� 2⇤�

NX

i=1

↵i(F
2)i
!

<latexit sha1_base64="psOyJUHc9qu//J5JcQbAZ8GBpcc="></latexit>

ds2 = �U(r)dt2 +
1

U(r)
dr2 + r2d⌦2

2

Aµ = [�(r), 0, 0, 0]

<latexit sha1_base64="frztAROeoz+Csz3ibYP0oS3LbBQ="></latexit>

(r(U(r)� 1))0 + r2⇤� r2
NX

n=1

✓
n� 1

2

◆
↵n

�
�2(�0)2

�n
= 0

1

2
r2

NX

n=1

n↵n

�
�2(�0)2

�n �Q(�0) = 0

<latexit sha1_base64="xSc8ttsCJps0InI8a49F/fkXOIU="></latexit>

� =
KX

i=1

bir
�i U = 1 +

KX

i=1

cir
�i +

r2

l2

<latexit sha1_base64="WpdlXCYOsEZxefX5M5KOTxWv020="></latexit>

c1 = �2M ci =
4Q

i+ 2
bi�1

<latexit sha1_base64="fpDBpcz5IYzsyDm7pcAo7iNuOhg="></latexit>

b1 = Q b5 =
4

5
Q3↵2

b9 =
4

3
Q5(4↵2

2 � ↵3)

b13 =
32

13
Q7(24↵3

2 � 12↵3↵2 + ↵4)

Tavakoli/Wu/RBM
JHEP 2212 (2022) 117



<latexit sha1_base64="5n+GRDfgt7dTgFY16tCscy3u8wE="></latexit>

P =
T

2r+
� 1

8⇡r2+
+

Q2

8⇡r4+
+

5b5Q

16⇡r8+
+

3b9Q

8⇡r12+

+
13b13Q

32⇡r16+
+

17b17Q

40⇡r20+
+

7b21Q

16⇡r24+
+

25b25Q

56⇡r28+
<latexit sha1_base64="zcK1uFZDnJ0OYnjQVbe7kDI4jOU="></latexit>

P = 6.9⇥ 10�5 Q = 6.75112

↵2 = �20.63286635↵3 = 1379.056050

↵4 = �133263.0329↵5 = 1.550137197⇥ 107

↵6 = �2.017480713⇥ 109 ↵7 = 5.046133724⇥ 1021

Quadruple Point

<latexit sha1_base64="Hrfml0TL23nJJW/doIsXbvx6kmo=">AAAB6HicbZC7SgNBFIbPxltcb1FLm8UgWIVdEbURgxZaJmAukCxhdnI2GTM7u8zMCiHkCWwsFLHVh7G3Ed/GyaXQxB8GPv7/HOacEyScKe2631ZmYXFpeSW7aq+tb2xu5bZ3qipOJcUKjXks6wFRyJnAimaaYz2RSKKAYy3oXY3y2j1KxWJxq/sJ+hHpCBYySrSxytetXN4tuGM58+BNIX/xYZ8n7192qZX7bLZjmkYoNOVEqYbnJtofEKkZ5Ti0m6nChNAe6WDDoCARKn8wHnToHBin7YSxNE9oZ+z+7hiQSKl+FJjKiOiums1G5n9ZI9XhmT9gIkk1Cjr5KEy5o2NntLXTZhKp5n0DhEpmZnVol0hCtbmNbY7gza48D9WjgndSOC57+eIlTJSFPdiHQ/DgFIpwAyWoAAWEB3iCZ+vOerRerNdJacaa9uzCH1lvP/66kBI=</latexit>

G

<latexit sha1_base64="PgauOwVwmHD1mYRbLYkfGWrCSmU=">AAAB6HicbZDJSgNBEIZr4hbHLerRS2MQPIUZEfUiBr14TCAbJEPo6dQkbXoWunuEEPIEXjwo4lUfxrsX8W3sLAdN/KHh4/+r6KryE8GVdpxvK7O0vLK6ll23Nza3tndyu3s1FaeSYZXFIpYNnyoUPMKq5lpgI5FIQ19g3e/fjPP6PUrF46iiBwl6Ie1GPOCMamOVK+1c3ik4E5FFcGeQv/qwL5P3L7vUzn22OjFLQ4w0E1Sppusk2htSqTkTOLJbqcKEsj7tYtNgRENU3nAy6IgcGadDgliaF2kycX93DGmo1CD0TWVIdU/NZ2Pzv6yZ6uDCG/IoSTVGbPpRkAqiYzLemnS4RKbFwABlkptZCetRSZk2t7HNEdz5lRehdlJwzwqnZTdfvIapsnAAh3AMLpxDEW6hBFVggPAAT/Bs3VmP1ov1Oi3NWLOeffgj6+0HEn2QHw==</latexit>

T

<latexit sha1_base64="7kLx++I457lIkq0F5xQC+R9iiOw=">AAAB6HicbVC7SgNBFL0bX3F9RS1tBoNgFXZF1EYM2lgmYB6QLDI7uZuMmX0wMyuEJV9gY6GIrX6MvY34N04ehSYeuHA451zuw08EV9pxvq3cwuLS8kp+1V5b39jcKmzv1FWcSoY1FotYNn2qUPAIa5prgc1EIg19gQ2/fzXyG/coFY+jGz1I0AtpN+IBZ1QbqVq5LRSdkjMGmSfulBQvPuzz5P3LNvnPdidmaYiRZoIq1XKdRHsZlZozgUO7nSpMKOvTLrYMjWiIysvGiw7JgVE6JIilqUiTsfq7I6OhUoPQN8mQ6p6a9Ubif14r1cGZl/EoSTVGbDIoSAXRMRldTTpcItNiYAhlkptdCetRSZk2v7HNE9zZk+dJ/ajknpSOq26xfAkT5GEP9uEQXDiFMlxDBWrAAOEBnuDZurMerRfrdRLNWdOeXfgD6+0HDG2QGw==</latexit>

P

<latexit sha1_base64="PgauOwVwmHD1mYRbLYkfGWrCSmU=">AAAB6HicbZDJSgNBEIZr4hbHLerRS2MQPIUZEfUiBr14TCAbJEPo6dQkbXoWunuEEPIEXjwo4lUfxrsX8W3sLAdN/KHh4/+r6KryE8GVdpxvK7O0vLK6ll23Nza3tndyu3s1FaeSYZXFIpYNnyoUPMKq5lpgI5FIQ19g3e/fjPP6PUrF46iiBwl6Ie1GPOCMamOVK+1c3ik4E5FFcGeQv/qwL5P3L7vUzn22OjFLQ4w0E1Sppusk2htSqTkTOLJbqcKEsj7tYtNgRENU3nAy6IgcGadDgliaF2kycX93DGmo1CD0TWVIdU/NZ2Pzv6yZ6uDCG/IoSTVGbPpRkAqiYzLemnS4RKbFwABlkptZCetRSZk2t7HNEdz5lRehdlJwzwqnZTdfvIapsnAAh3AMLpxDEW6hBFVggPAAT/Bs3VmP1ov1Oi3NWLOeffgj6+0HEn2QHw==</latexit>

T



<latexit sha1_base64="Hrfml0TL23nJJW/doIsXbvx6kmo=">AAAB6HicbZC7SgNBFIbPxltcb1FLm8UgWIVdEbURgxZaJmAukCxhdnI2GTM7u8zMCiHkCWwsFLHVh7G3Ed/GyaXQxB8GPv7/HOacEyScKe2631ZmYXFpeSW7aq+tb2xu5bZ3qipOJcUKjXks6wFRyJnAimaaYz2RSKKAYy3oXY3y2j1KxWJxq/sJ+hHpCBYySrSxytetXN4tuGM58+BNIX/xYZ8n7192qZX7bLZjmkYoNOVEqYbnJtofEKkZ5Ti0m6nChNAe6WDDoCARKn8wHnToHBin7YSxNE9oZ+z+7hiQSKl+FJjKiOiums1G5n9ZI9XhmT9gIkk1Cjr5KEy5o2NntLXTZhKp5n0DhEpmZnVol0hCtbmNbY7gza48D9WjgndSOC57+eIlTJSFPdiHQ/DgFIpwAyWoAAWEB3iCZ+vOerRerNdJacaa9uzCH1lvP/66kBI=</latexit>

G

<latexit sha1_base64="PgauOwVwmHD1mYRbLYkfGWrCSmU=">AAAB6HicbZDJSgNBEIZr4hbHLerRS2MQPIUZEfUiBr14TCAbJEPo6dQkbXoWunuEEPIEXjwo4lUfxrsX8W3sLAdN/KHh4/+r6KryE8GVdpxvK7O0vLK6ll23Nza3tndyu3s1FaeSYZXFIpYNnyoUPMKq5lpgI5FIQ19g3e/fjPP6PUrF46iiBwl6Ie1GPOCMamOVK+1c3ik4E5FFcGeQv/qwL5P3L7vUzn22OjFLQ4w0E1Sppusk2htSqTkTOLJbqcKEsj7tYtNgRENU3nAy6IgcGadDgliaF2kycX93DGmo1CD0TWVIdU/NZ2Pzv6yZ6uDCG/IoSTVGbPpRkAqiYzLemnS4RKbFwABlkptZCetRSZk2t7HNEdz5lRehdlJwzwqnZTdfvIapsnAAh3AMLpxDEW6hBFVggPAAT/Bs3VmP1ov1Oi3NWLOeffgj6+0HEn2QHw==</latexit>

T

Quintuple Point



Multicriticality in Multiply Rotating 
Black Holes

<latexit sha1_base64="E5yc0gpnPEZu5+RTpW9Wn2/DB4g="></latexit>
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<latexit sha1_base64="Zr+WNQSbie4rp2TdTpt/6Rp9ybg="></latexit>
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N+✏X

i=1

µ2
i

⌅i
U = r✏
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i=1

µ2
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NY
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⇣
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l2

⌘ NY

i=1
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<latexit sha1_base64="5MGkN2riFkOs/B7izQ0a7oG3ERg="></latexit>

n =
1

2
(d� 1� ✏)

✏ = 0/1 odd/evenD
nX

i=1

µ2
i = 1

Kerr-AdS

Wu/RBM
CQG Lett 40 (2023) 

06LT01



Gibbs Phase Rule
• Two rotations: Triple Point   (D > 5) 
• Three rotations: Quadruple Point (D > 7)
• Four rotations: Quintuple Point (D > 9)
• Five rotations: Hextuple Point (D > 11)

<latexit sha1_base64="fpP1cC9Mfm8Ov91vda4oo+DueaY="></latexit>
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D � 1
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aiJi

<latexit sha1_base64="kh042PgIFpVDZPFST3X2o7gWlgQ="></latexit>
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<latexit sha1_base64="qmHgHZH7j8HUxKhh1jwE8Sit19A="></latexit>
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Q
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NX
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<latexit sha1_base64="MUvbSrxVQp9GDodTCvWY6HHGCmM="></latexit>

N =
1

2
(D � 1� ✏)



Quadruple Point
3 Rotations

<latexit sha1_base64="+3bS3IIPAtwPjiqkPrBLZKaxBIY=">AAACHHicbVBJSwMxFM7UrdZt1KOXYCt4kGFmWrocCkU9iKcKdoF2KJk0bUMzC0lGKKU/xIt/xYsHRbx4EPw3pp05aOuDwLe8x8v73JBRIU3zW0utrW9sbqW3Mzu7e/sH+uFRUwQRx6SBAxbwtosEYdQnDUklI+2QE+S5jLTc8dXcbz0QLmjg38tJSBwPDX06oBhJJfX0fO66Ws5dwNxtz4JVWDIqxVJMbUUtwy7ELK+YaVh2qVLO9fSsaZiLgqvASkAWJFXv6Z/dfoAjj/gSMyRExzJD6UwRlxQzMst0I0FChMdoSDoK+sgjwpkujpvBM6X04SDg6vkSLtTfE1PkCTHxXNXpITkSy95c/M/rRHJQdqbUDyNJfBwvGkQMygDOk4J9ygmWbKIAwpyqv0I8QhxhqfLMqBCs5ZNXQdM2rKJRuLOztcskjjQ4AafgHFigBGrgBtRBA2DwCJ7BK3jTnrQX7V37iFtTWjJzDP6U9vUDDo2Yrg==</latexit>

D = 8, J1 = 7.967, J2 = 1.24, J3 = 0.12798

<latexit sha1_base64="PgauOwVwmHD1mYRbLYkfGWrCSmU=">AAAB6HicbZDJSgNBEIZr4hbHLerRS2MQPIUZEfUiBr14TCAbJEPo6dQkbXoWunuEEPIEXjwo4lUfxrsX8W3sLAdN/KHh4/+r6KryE8GVdpxvK7O0vLK6ll23Nza3tndyu3s1FaeSYZXFIpYNnyoUPMKq5lpgI5FIQ19g3e/fjPP6PUrF46iiBwl6Ie1GPOCMamOVK+1c3ik4E5FFcGeQv/qwL5P3L7vUzn22OjFLQ4w0E1Sppusk2htSqTkTOLJbqcKEsj7tYtNgRENU3nAy6IgcGadDgliaF2kycX93DGmo1CD0TWVIdU/NZ2Pzv6yZ6uDCG/IoSTVGbPpRkAqiYzLemnS4RKbFwABlkptZCetRSZk2t7HNEdz5lRehdlJwzwqnZTdfvIapsnAAh3AMLpxDEW6hBFVggPAAT/Bs3VmP1ov1Oi3NWLOeffgj6+0HEn2QHw==</latexit>

T

<latexit sha1_base64="7kLx++I457lIkq0F5xQC+R9iiOw=">AAAB6HicbVC7SgNBFL0bX3F9RS1tBoNgFXZF1EYM2lgmYB6QLDI7uZuMmX0wMyuEJV9gY6GIrX6MvY34N04ehSYeuHA451zuw08EV9pxvq3cwuLS8kp+1V5b39jcKmzv1FWcSoY1FotYNn2qUPAIa5prgc1EIg19gQ2/fzXyG/coFY+jGz1I0AtpN+IBZ1QbqVq5LRSdkjMGmSfulBQvPuzz5P3LNvnPdidmaYiRZoIq1XKdRHsZlZozgUO7nSpMKOvTLrYMjWiIysvGiw7JgVE6JIilqUiTsfq7I6OhUoPQN8mQ6p6a9Ubif14r1cGZl/EoSTVGbDIoSAXRMRldTTpcItNiYAhlkptdCetRSZk2v7HNE9zZk+dJ/ajknpSOq26xfAkT5GEP9uEQXDiFMlxDBWrAAOEBnuDZurMerRfrdRLNWdOeXfgD6+0HDG2QGw==</latexit>

P



<latexit sha1_base64="FlRbbxT1xwR6rvEnp5TK664J0SA="></latexit>

D = 10, J1 = 24.48, J2 = 4.33, J3 = 1.2, J4 = 0.1435

Quintuple Point
4 Rotations

<latexit sha1_base64="PgauOwVwmHD1mYRbLYkfGWrCSmU=">AAAB6HicbZDJSgNBEIZr4hbHLerRS2MQPIUZEfUiBr14TCAbJEPo6dQkbXoWunuEEPIEXjwo4lUfxrsX8W3sLAdN/KHh4/+r6KryE8GVdpxvK7O0vLK6ll23Nza3tndyu3s1FaeSYZXFIpYNnyoUPMKq5lpgI5FIQ19g3e/fjPP6PUrF46iiBwl6Ie1GPOCMamOVK+1c3ik4E5FFcGeQv/qwL5P3L7vUzn22OjFLQ4w0E1Sppusk2htSqTkTOLJbqcKEsj7tYtNgRENU3nAy6IgcGadDgliaF2kycX93DGmo1CD0TWVIdU/NZ2Pzv6yZ6uDCG/IoSTVGbPpRkAqiYzLemnS4RKbFwABlkptZCetRSZk2t7HNEdz5lRehdlJwzwqnZTdfvIapsnAAh3AMLpxDEW6hBFVggPAAT/Bs3VmP1ov1Oi3NWLOeffgj6+0HEn2QHw==</latexit>

T

<latexit sha1_base64="Hrfml0TL23nJJW/doIsXbvx6kmo=">AAAB6HicbZC7SgNBFIbPxltcb1FLm8UgWIVdEbURgxZaJmAukCxhdnI2GTM7u8zMCiHkCWwsFLHVh7G3Ed/GyaXQxB8GPv7/HOacEyScKe2631ZmYXFpeSW7aq+tb2xu5bZ3qipOJcUKjXks6wFRyJnAimaaYz2RSKKAYy3oXY3y2j1KxWJxq/sJ+hHpCBYySrSxytetXN4tuGM58+BNIX/xYZ8n7192qZX7bLZjmkYoNOVEqYbnJtofEKkZ5Ti0m6nChNAe6WDDoCARKn8wHnToHBin7YSxNE9oZ+z+7hiQSKl+FJjKiOiums1G5n9ZI9XhmT9gIkk1Cjr5KEy5o2NntLXTZhKp5n0DhEpmZnVol0hCtbmNbY7gza48D9WjgndSOC57+eIlTJSFPdiHQ/DgFIpwAyWoAAWEB3iCZ+vOerRerNdJacaa9uzCH1lvP/66kBI=</latexit>

G



Quadruple and Triple
Point

4 Rotations

<latexit sha1_base64="/upHfhnfQqkoxaAMYhf7GIfAl7M="></latexit>

d = 10, J1 = 24.48, J2 = 4.331, J3 = 1.1973, J4 = 0.155

<latexit sha1_base64="7kLx++I457lIkq0F5xQC+R9iiOw=">AAAB6HicbVC7SgNBFL0bX3F9RS1tBoNgFXZF1EYM2lgmYB6QLDI7uZuMmX0wMyuEJV9gY6GIrX6MvY34N04ehSYeuHA451zuw08EV9pxvq3cwuLS8kp+1V5b39jcKmzv1FWcSoY1FotYNn2qUPAIa5prgc1EIg19gQ2/fzXyG/coFY+jGz1I0AtpN+IBZ1QbqVq5LRSdkjMGmSfulBQvPuzz5P3LNvnPdidmaYiRZoIq1XKdRHsZlZozgUO7nSpMKOvTLrYMjWiIysvGiw7JgVE6JIilqUiTsfq7I6OhUoPQN8mQ6p6a9Ubif14r1cGZl/EoSTVGbDIoSAXRMRldTTpcItNiYAhlkptdCetRSZk2v7HNE9zZk+dJ/ajknpSOq26xfAkT5GEP9uEQXDiFMlxDBWrAAOEBnuDZurMerRfrdRLNWdOeXfgD6+0HDG2QGw==</latexit>

P

<latexit sha1_base64="PgauOwVwmHD1mYRbLYkfGWrCSmU=">AAAB6HicbZDJSgNBEIZr4hbHLerRS2MQPIUZEfUiBr14TCAbJEPo6dQkbXoWunuEEPIEXjwo4lUfxrsX8W3sLAdN/KHh4/+r6KryE8GVdpxvK7O0vLK6ll23Nza3tndyu3s1FaeSYZXFIpYNnyoUPMKq5lpgI5FIQ19g3e/fjPP6PUrF46iiBwl6Ie1GPOCMamOVK+1c3ik4E5FFcGeQv/qwL5P3L7vUzn22OjFLQ4w0E1Sppusk2htSqTkTOLJbqcKEsj7tYtNgRENU3nAy6IgcGadDgliaF2kycX93DGmo1CD0TWVIdU/NZ2Pzv6yZ6uDCG/IoSTVGbPpRkAqiYzLemnS4RKbFwABlkptZCetRSZk2t7HNEdz5lRehdlJwzwqnZTdfvIapsnAAh3AMLpxDEW6hBFVggPAAT/Bs3VmP1ov1Oi3NWLOeffgj6+0HEn2QHw==</latexit>

T



How?
<latexit sha1_base64="sN03d6wro5E9YmC5SzQ0kydnlQg="></latexit>

dG =
NX

i=1

⌦idJi � SdT � V dP

<latexit sha1_base64="LkT2dvM7lxwL5TlQLf1Pjba0D0o=">AAACDXicbVC7TsMwFHV4lvIKMLJYNEgsVEmFgAWpggHEVERfUhtVjuO0Vh07sh2kquoPsPArLAwgxMrOxt/gph2g5UxH59yre+4JEkaVdt1va2FxaXllNbeWX9/Y3Nq2d3brSqQSkxoWTMhmgBRhlJOappqRZiIJigNGGkH/auw3HohUVPCqHiTEj1GX04hipI3UsR0nvL44vg+rDoyEhFhwpRHX0Kk4EPEQOrcd6nTsglt0M8B54k1JAUxR6dhf7VDgNCZcY4aUanluov0hkppiRkb5dqpIgnAfdUnLUI5iovxh9s0IHholzNJEwiTJ1N8bQxQrNYgDMxkj3VOz3lj8z2ulOjr3h5QnqSYcTw5FKYNawHE1MKSSYM0GhiAsqckKcQ9JhLUpMG9K8GZfnif1UtE7LZ7clQrly2kdObAPDsAR8MAZKIMbUAE1gMEjeAav4M16sl6sd+tjMrpgTXf2wB9Ynz/2B5j4</latexit>

dG = �SdT for constant P and Ji
<latexit sha1_base64="Y9GMD2Qtg+FPkoOV+h99SgvHM5Y="></latexit>

extrema of G(r+) and T (r+) occur at the same r+ values

<latexit sha1_base64="PgauOwVwmHD1mYRbLYkfGWrCSmU=">AAAB6HicbZDJSgNBEIZr4hbHLerRS2MQPIUZEfUiBr14TCAbJEPo6dQkbXoWunuEEPIEXjwo4lUfxrsX8W3sLAdN/KHh4/+r6KryE8GVdpxvK7O0vLK6ll23Nza3tndyu3s1FaeSYZXFIpYNnyoUPMKq5lpgI5FIQ19g3e/fjPP6PUrF46iiBwl6Ie1GPOCMamOVK+1c3ik4E5FFcGeQv/qwL5P3L7vUzn22OjFLQ4w0E1Sppusk2htSqTkTOLJbqcKEsj7tYtNgRENU3nAy6IgcGadDgliaF2kycX93DGmo1CD0TWVIdU/NZ2Pzv6yZ6uDCG/IoSTVGbPpRkAqiYzLemnS4RKbFwABlkptZCetRSZk2t7HNEdz5lRehdlJwzwqnZTdfvIapsnAAh3AMLpxDEW6hBFVggPAAT/Bs3VmP1ov1Oi3NWLOeffgj6+0HEn2QHw==</latexit>

T

<latexit sha1_base64="OZF4IFX7BXFjbxXdm1htgkLSE3o=">AAAB6nicbZDLSgMxFIbP1Futt6pLN9EiVIQyI6Iui25cVrQXaIeSSTNtaCYZkoxQhj6CCC4UceuT+AjufBD3ppeFtv4Q+Pj/c8g5J4g508Z1v5zMwuLS8kp2Nbe2vrG5ld/eqWmZKEKrRHKpGgHWlDNBq4YZThuxojgKOK0H/atRXr+nSjMp7swgpn6Eu4KFjGBjrVvVPm7nC27JHQvNgzeFQnm/+P3x2DqqtPOfrY4kSUSFIRxr3fTc2PgpVoYRToe5VqJpjEkfd2nTosAR1X46HnWIDq3TQaFU9gmDxu7vjhRHWg+iwFZG2PT0bDYy/8uaiQkv/JSJODFUkMlHYcKRkWi0N+owRYnhAwuYKGZnRaSHFSbGXidnj+DNrjwPtZOSd1Y6vfEK5UuYKAt7cABF8OAcynANFagCgS48wDO8ONx5cl6dt0lpxpn27MIfOe8/dXSQ7g==</latexit>r+

<latexit sha1_base64="N0etWecfiBkQKjR9Agdkk6lz2p0=">AAAB73icbZDLSgMxFIbP1Fsdb1WXboJFcFVmRNSNWHTjskJv0I4lk2ba0CQzJhmhlL6EGxeKCK58EvduxLcxvSy09YfAx/+fQ845YcKZNp737WQWFpeWV7Kr7tr6xuZWbnunquNUEVohMY9VPcSaciZpxTDDaT1RFIuQ01rYuxrltXuqNItl2fQTGgjckSxiBBtr1cu3zUQxQVu5vFfwxkLz4E8hf/HhnidvX26plftstmOSCioN4Vjrhu8lJhhgZRjhdOg2U00TTHq4QxsWJRZUB4PxvEN0YJ02imJlnzRo7P7uGGChdV+EtlJg09Wz2cj8L2ukJjoLBkwmqaGSTD6KUo5MjEbLozZTlBjet4CJYnZWRLpYYWLsiVx7BH925XmoHhX8k8LxjZ8vXsJEWdiDfTgEH06hCNdQggoQ4PAAT/Ds3DmPzovzOinNONOeXfgj5/0HbauTPA==</latexit>

T 0

<latexit sha1_base64="OZF4IFX7BXFjbxXdm1htgkLSE3o=">AAAB6nicbZDLSgMxFIbP1Futt6pLN9EiVIQyI6Iui25cVrQXaIeSSTNtaCYZkoxQhj6CCC4UceuT+AjufBD3ppeFtv4Q+Pj/c8g5J4g508Z1v5zMwuLS8kp2Nbe2vrG5ld/eqWmZKEKrRHKpGgHWlDNBq4YZThuxojgKOK0H/atRXr+nSjMp7swgpn6Eu4KFjGBjrVvVPm7nC27JHQvNgzeFQnm/+P3x2DqqtPOfrY4kSUSFIRxr3fTc2PgpVoYRToe5VqJpjEkfd2nTosAR1X46HnWIDq3TQaFU9gmDxu7vjhRHWg+iwFZG2PT0bDYy/8uaiQkv/JSJODFUkMlHYcKRkWi0N+owRYnhAwuYKGZnRaSHFSbGXidnj+DNrjwPtZOSd1Y6vfEK5UuYKAt7cABF8OAcynANFagCgS48wDO8ONx5cl6dt0lpxpn27MIfOe8/dXSQ7g==</latexit>r+

<latexit sha1_base64="AP442/1isheYb/Z0P1V6mJWhNXA="></latexit>

maximum number of coexistent states when T 0(r+) has a root
between every local extremum



Asymptotically Flat Black Holes

• Asymptotically Flat Black holes can exhibit 
multiple phases and multicritical points!

Wu/Mann
CQG (to appear) 2212.08673

<latexit sha1_base64="DuXLp/Q7EuQLZWkaBDZaq7OuaFE=">AAAB6HicbZC7SgNBFIbPxluMt6ilIItBsAq7gprOgIWWCZgLJEuYnZwkY2Znl5lZISwprWwsFLH1KVL5EHY+gy/h5FJo4g8DH/9/DnPO8SPOlHacLyu1tLyyupZez2xsbm3vZHf3qiqMJcUKDXko6z5RyJnAimaaYz2SSAKfY83vX43z2j1KxUJxqwcRegHpCtZhlGhjla9b2ZyTdyayF8GdQe7yY1T+fjgclVrZz2Y7pHGAQlNOlGq4TqS9hEjNKMdhphkrjAjtky42DAoSoPKSyaBD+9g4bbsTSvOEtifu746EBEoNAt9UBkT31Hw2Nv/LGrHuFLyEiSjWKOj0o07MbR3a463tNpNINR8YIFQyM6tNe0QSqs1tMuYI7vzKi1A9zbvn+bOykysWYKo0HMARnIALF1CEGyhBBSggPMIzvFh31pP1ar1NS1PWrGcf/sh6/wFje5ET</latexit>

G

<latexit sha1_base64="T3xrDnVhlwEZcfwTydp8Bq9LSE0=">AAAB6HicbZC7SgNBFIbPxluMt6ilIINBsAq7gprOgI1lArlBsoTZydlkzOyFmVkhhJRWNhaK2PoUqXwIO5/Bl3ByKTTxh4GP/z+HOed4seBK2/aXlVpZXVvfSG9mtrZ3dvey+wc1FSWSYZVFIpINjyoUPMSq5lpgI5ZIA09g3evfTPL6PUrFo7CiBzG6Ae2G3OeMamOVK+1szs7bU5FlcOaQu/4Yl78fjseldvaz1YlYEmComaBKNR071u6QSs2ZwFGmlSiMKevTLjYNhjRA5Q6ng47IqXE6xI+keaEmU/d3x5AGSg0Cz1QGVPfUYjYx/8uaifYL7pCHcaIxZLOP/EQQHZHJ1qTDJTItBgYok9zMSliPSsq0uU3GHMFZXHkZaud55zJ/UbZzxQLMlIYjOIEzcOAKinALJagCA4RHeIYX6856sl6tt1lpypr3HMIfWe8/dy+RIA==</latexit>

T

3 Stable Phases of a 
charged asymptotically flat
EGB black hole

<latexit sha1_base64="DuXLp/Q7EuQLZWkaBDZaq7OuaFE=">AAAB6HicbZC7SgNBFIbPxluMt6ilIItBsAq7gprOgIWWCZgLJEuYnZwkY2Znl5lZISwprWwsFLH1KVL5EHY+gy/h5FJo4g8DH/9/DnPO8SPOlHacLyu1tLyyupZez2xsbm3vZHf3qiqMJcUKDXko6z5RyJnAimaaYz2SSAKfY83vX43z2j1KxUJxqwcRegHpCtZhlGhjla9b2ZyTdyayF8GdQe7yY1T+fjgclVrZz2Y7pHGAQlNOlGq4TqS9hEjNKMdhphkrjAjtky42DAoSoPKSyaBD+9g4bbsTSvOEtifu746EBEoNAt9UBkT31Hw2Nv/LGrHuFLyEiSjWKOj0o07MbR3a463tNpNINR8YIFQyM6tNe0QSqs1tMuYI7vzKi1A9zbvn+bOykysWYKo0HMARnIALF1CEGyhBBSggPMIzvFh31pP1ar1NS1PWrGcf/sh6/wFje5ET</latexit>

G

<latexit sha1_base64="T3xrDnVhlwEZcfwTydp8Bq9LSE0=">AAAB6HicbZC7SgNBFIbPxluMt6ilIINBsAq7gprOgI1lArlBsoTZydlkzOyFmVkhhJRWNhaK2PoUqXwIO5/Bl3ByKTTxh4GP/z+HOed4seBK2/aXlVpZXVvfSG9mtrZ3dvey+wc1FSWSYZVFIpINjyoUPMSq5lpgI5ZIA09g3evfTPL6PUrFo7CiBzG6Ae2G3OeMamOVK+1szs7bU5FlcOaQu/4Yl78fjseldvaz1YlYEmComaBKNR071u6QSs2ZwFGmlSiMKevTLjYNhjRA5Q6ng47IqXE6xI+keaEmU/d3x5AGSg0Cz1QGVPfUYjYx/8uaifYL7pCHcaIxZLOP/EQQHZHJ1qTDJTItBgYok9zMSliPSsq0uU3GHMFZXHkZaud55zJ/UbZzxQLMlIYjOIEzcOAKinALJagCA4RHeIYX6856sl6tt1lpypr3HMIfWe8/dy+RIA==</latexit>

T

Stable Quadruple Point



• Joule-Thompson Expansion
– High-to-low pressure changes in black holes 

mimic those observed in real-world gases

• Thermodynamic Topological Defects
– black hole solutions as defects in 

thermodynamic parameter space 
– winding numbers indicate stability

• Dynamics of Phase Transitions
– Can use Smoluchowski Eqn to probe.   

dynamics of phase changes
– Works at multicritical points

Li/Wang  PRD 102 (2020) 024085
Li/Zhang/Wang JHEP 2010 (2020) 09

Okcu/Aydiner
Eur.Phys.J.C 77 (2017) 1, 24

Even more Black Hole Chemistry

Wei/Liu/Mann
PRL 129 (2022) 191101

Wei/Wang/Liu/Mann
Sci.Chin.Phys.M.Ast. 

64 (2021) 270411
Yang/Mann 
2304.08969 



Take Home Lesson

• Thermodynamics is Thermodynamics
– Black Holes exhibit pretty much every behaviour seen in 

chemistry under the right circumstances
– Lesson for Quantum Gravity?

• AdS is not a restriction
– Chemical Phenomena seen in asymptotically flat and 

asymptotically de Sitter settings

• Holographic understanding emerging
• Still a lot to learn from Black Hole Chemistry

Kubiznak/Mann/Teo,
Black hole chemistry: Thermodynamics with Lambda, CQG 34 (2017) 063001


