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Black Hole Chemistry: Pressure from 
the Vacuum



• Polymer Black holes
– Some black holes have polymer transitions with non-

standard critical exponents

• Superfluid Black Holes
– Black holes with scalar “hair”                                                 

can exhibit a superfluid phase                              
transition analogous to 4He
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Intermediate Results from Black Hole 
Chemistry



• Black Hole Heat Engines
– Can benchmark various black holes for their 

efficiencies as heat engines à maximize efficiency

• De Sitter Black Hole Chemistry
– Cosmic Volume
– Swallowtubes

• Black Hole Molecules
– Microstructure appears to be molecular
– Small charged AdS BHs have                                 

repulsive microstructure interactions
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independent 

upper limit on 
BH efficiency!

SBH SBH

LBHLBH

Dolan/Kastor/Kubiznak/Mann/Traschen
PRD 87 (2013) 104017

Mbarek/Mann PLB 765 (2017) 352
F. Simovic and R.B. Mann

CQG 36 (2019) 014002; 
JHEP 1905 (2019) 136



Polymeric Black Holes
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First Law and Smarr Formula
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Same Geometric arguments as before Kastor/Ray/Traschen
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Also follows from 
Eulerian scaling

1st Law
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Lovelock Gravity Non-linear Electrodynamics
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Not always positive
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3rd Order Lovelock Thermodynamics
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Reverse VdW Behaviour D = 7
K = 3
κ = -1
q = 0α = α 2

α 3

= 1.65

Reverse VdW!

VdW

hotter

colder



Multiple Re-Entrant Phase Transitions
D = 7  K = 3
κ = -1  q = 0

p t

g

Small BH
Large BH

α = α 2

α 3

= 2.5



Isolated Critical Points
B. Dolan, A. Kostouki, 

D.Kubiznak, 
R.B. Mann, 

CQG 31 (2014) 242001
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Isolated Critical Point
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Non-Standard
!α = 0
!β = 1
!γ = 2
!δ = 3 

Standard
!α = 0
!β = 1/ 2
!γ = 1
!δ = 3



α = 1 α = 1.65

α = 3 α = 1.85

P

P

P

P

T T

TT

Standard VdW
Reverse VdW

Isolated Critical Point Infinite  Coexistence
(solid/liquid)



1st-order PT

1st-order PT

 !α = 0,   !β = 1,   !γ = K −1,  !δ = K

 !α + 2 !β + !γ ≥ 2
Rushbrooke
inequality

 !γ = !β( !δ −1)
Widom Relation

Ehrenfest
relations

Prigogine-
De Fay ratio

Π = 1/K

Suggests a liquid-
glass type of phase 

transition
Similar phenomena present for 

Quasi-topological Black Holes
W.G. Brenna, R. Hennigar, R.B. Mann, JHEP 1507 (2015) 077



Polymeric Black 
Holes?



• A line of continuous phase transitions 
• Reminiscent of the  He transition marking the onset of superfluidity
• Observed for hairy black holes in higher dimensions
• Now known to occur in a broad class of higher-curvature theories

4 

He4

E. Tjoa, R. Hennigar, R.B. Mann,  
PRL 118 (2017) 021301

JHEP 1702 (2017) 070

Superfluid Black Holes
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Superfluid Helium

Superfluid Black Hole

Dykaar/Hennigar/Mann
JHEP 1705 (2017) 045

Also seen in cubic 
quasi-topological 
gravity!



Carnot Cycle Rankine Cycle

ηCarnot = 1− QC

QH
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TH

 Black holes as 
Stirling Engines

ηRec = 1− M 3 −M 4

M 2 −M1

Use to get efficiency
of arbitrary cycles

Rectangular Cycle

ηRank = 1− Area(ADEFA)
Area(FABCDEF)

Black holes as steam turbines

Coexistence
Curve liq/gas

Johnson  CQG 31 (2014) 
205002

Black Hole Heat Engines

Wei/Liu
Comm. Theor. Phys. 71 

(2019) 711        
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Benchmarking Heat Engines
• Fix an engine cycle (circle)
• Compare efficiency of different 

black holes

Chakraborty/Johnson 
1612.09272

Rectangular Cycle
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Kerr-AdS

Superentropic

W
Wmax

=
W Q, J( )
W Qex , Jex( )

Henningar/McCarthy/Ballon/Mann
CQG 34 (2017) 175005



η ≤η° =
2π

π + 4

Theory-
independent 

upper limit on 
BH efficiency!

Henningar/McCarthy/Ballon/Mann
CQG 34 (2017) 175005

Maximizing Efficiency



De Sitter Black Hole Chemistry: 
Cosmic Tension
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Thermodynamics of Kerr-de Sitter 
Black Holes
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• Multiply-rotating Kerr de Sitter Black hole in D dimensions
• 2 horizons at different temperatures



Cosmological Horizon Black Hole Horizon
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Odd Dim’l Kerr-dS Black Holes
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(Reverse) Isoperimetric Inequality?

R = (D −1)V
ωD−2

⎛
⎝⎜

⎞
⎠⎟

1 D−1
ωD−2

A
⎛
⎝⎜

⎞
⎠⎟
1 D−2

R ≤1V

A

Kerr-(A)dS Black Hole

 
Vh =

rhAh
D −1

+ 8π
(D −1)(D − 2)

ai
i
∑ Ji =

rhAh
D −1

1+ ℓ2 ± rh
2

(D − 2)ℓ2rh
2

ai
2

Ξii
∑

⎡

⎣
⎢

⎤

⎦
⎥

 
Ah =

ωD−2

rh
1−ε

rc
2 + ai

2

Ξii
∏

 

RD−1 = rh 1+
z

D − 2
⎡
⎣⎢

⎤
⎦⎥
1
rh
1−

(rh
2 + ai

2 )
Ξii

∏
⎡

⎣
⎢

⎤

⎦
⎥

1
2−D

= 1+ z
D − 2

⎡
⎣⎢

⎤
⎦⎥

(rh
2 + ai

2 )
rh
2Ξii

∏
⎡

⎣
⎢

⎤

⎦
⎥

1
2−D

≥ 1+ z
D − 2

⎡
⎣⎢

⎤
⎦⎥

2
D −1

1
Ξii

∑ + ai
2

rh
2Ξii

∑
⎛
⎝⎜

⎞
⎠⎟

⎡

⎣
⎢

⎤

⎦
⎥

D−1
4−2D

= 1+ z
D − 2

⎡
⎣⎢

⎤
⎦⎥
1+ 2z

D −1
⎡
⎣⎢

⎤
⎦⎥

D−1
4−2D

≡ F(z)

F(0) = 1      dF(z)
dz

> 0 F(z) ≥1 R ≥1

Cvetic/Gibbons/Kubiznak/Pope 
PRD84 (2011) 024037 



Cosmic Volume

Can we understand cosmic 
volume without black hole 
volume?

Yes!  With cosmic solitons!

Clarkson/Mann
PRL 96 (2006) 051104

• Geometry depends on relative size of the soliton and the
• No black hole horizon!  
• Can now have a cosmological horizon surrounding soliton
• Obtained a number of results depending on mass/energy of 
the soliton and its size relative to the cosmic horizon

Mbarek/Mann
PLB 765 (2017) 352

Soliton: a bubble in spacetime!
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De Sitter Black Hole Chemistry
• Black Holes in de Sitter space
– Two horizons: black hole and      

cosmological
– Two temperatures                                           
à no thermodynamic equilibrium

• Solution?
– Place black hole in a cavity
– Control cavity temperature so that it       

has the same redshifted value as     
expected from the black hole

• Positive Cosmological Constant à
negative P
- system under tension



SdS Black Holes in a Cavity
F. Simovic and R.B. Mann

CQG 36 (2019) 014002

Tension-dependent line of 
Hawking-Page transitions

<latexit sha1_base64="tV1gB9ZxkNLPbv/JHDnhRqceQK8="></latexit>
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Charged dS Black Holes in a Cavity
Coexistence Line

Swallowtube

F. Simovic and R.B. Mann
CQG 36 (2019) 014002

F. Simovic and R.B. Mann
JHEP 1905 (2019) 136

Also can get re-entrant phase 
transitions in the Born-Infeld case!
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Coexistence 
Lines

Gauss-Bonnet Swallowtubes
S. Haroon/R. Hennigar/F. Simovic/R.B. Mann

PRD 101 (2020) 08541

Similar Phenomena in 4DEGB and 
Conformally Coupled Einstein-
Maxwell-Dilaton

G. Marks/F. Simovic/R.B. Mann
PRD 104 (2021) 104056

D. Fusco/F. Simovic/R.B. Mann
JHEP 02 (2021) 219



Black Hole Molecules?
• “If you can heat it, it has 

microscopic structure”  
– (L. Boltzmann)

• Perhaps the black hole 
degrees of freedom are 
molecular?

SBH SBH

LBHLBH

P = 0.85Pc   

T = 0.94Tc
P = Pc   

T = Tc
v = 0.73vc   

v = 1.48vc   

v = vc   

v = vc   

S.W. Wei  Y. Liu  
PRL 115 (2015) 11132



Repulsive Black Hole Microstructure?
S.W. Wei  Y. Liu  R.B. Mann  

PRL 123 (2019) 071103

 

Ruppeiner Thermodynamic Curvature 
R > 0 ⇒  Repulsive
R < 0 ⇒  Attractive

Van der Waals
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Attractive microstructure everywhere 
above coexistence line

LBH: Attractive microstructure
SBH: Repulsive microstructure

everywhere above coexistence line


