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Outline of Lectures

• Einstein-Maxwell theory

• Emission (Hawking radiation and Schwinger 

effect) from charged BHs

• Nonlinear Electrodynamics (NLED)*

• Einstein-NED BHs*

• Einstein-Yang Mills theory*

• Conclusion
✓ Related to Hong Lu on Einstein-Maxwell theory, in particular, KN BHs 

and Plebanski BHs, and Robert Mann on BH chemistry & Bin Chen 

and Ugo Moschella’s talks.

✓ Caveat: D = 4 unless mentioned and no backreaction considered.



Why Einstein-Maxwell theory and 

charged BHs? 

• BHs and GWs have been observed (EHT, LIGO-Virgo).

• Magnetic fields (plasma accretion disk) around BHs play    

important role for central engine for GRBs (Blandford-Znaj

ek) and jets.

• Highly magnetized neutron stars (magnetars) have been ob

served and are speculated as a possible origin for bursts.

• Magnetars and EM fields during merger of neutron stars   

go beyond the Maxwell theory 𝐵 ≥ 𝐵𝑐 and need NLED.

• BHs with nonabelian monopoles or dyons might have been 

formed in the early universe.

• Astrophysics and laboratory astrophysics under extreme    

conditions (gravity and EM fields).
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Kerr-Newman-(Anti)de Sitter BHs
• Kerr-Newman (KN)-(Ant-)de Sitter ((A)dS) black holes in Boyer-

Lindquist-type coordinates ((A)dS radius 𝐿 𝐴 𝑑𝑆 = 3/ Λ )
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Black Holes in Einstein-Maxwell Theory 

in (A)dS Space

KN BH in (A)dS
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Near-horizon Geometry of Near-extremal 

RN BH

Inner Outer Horizons

AdS2S2

[G. t’Hooft & A. Strominger, “conformal symmetry near the 

horizon of BH,” MG14, July 2015. And Bin Chen’s talk]

magnificatio
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Near-Horizon Geometries

• Theorem (Static) [Kunduri, Lucietti, Reall, CQG 24 (‘07)]

Any static near-horizon geometry is locally a warped product of AdS2, dS2

or R1,1 and 𝐻. If 𝐻 is simply connected, this statement is global. In this ca
se if 𝐻 is compact and the strong energy conditions holds, it must be the A
dS2 case or the direct product R1,1 × 𝐻.

• Theorem (Rotational)

Consider a 𝐷-dimensional spacetime containing a degenerate horizon, inv
ariant under an R×𝑈(1)𝐷−3 isometry group, and satisfying the Einstein eq
uations 𝑅𝜇𝜈 = Λ𝑔𝜇𝜈. Then the near-horizon geometry has a global 𝐺 × 𝑈(1)𝐷
−3 symmetry, where 𝐺 is either 𝑂(2, 1) or the 2D Poincare group. Further
more, if Λ ≤ 0 and the near-horizon geometry is non-static, the Poincare c
ase is excluded.



Schwinger Effect in Dyonic RN BH in (A)dS

• Dyonic RN black hole in (A)dS: (𝑀, 𝑄, 𝑃, 𝐿)
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• Near-extremal RN BH 𝑟+ → 𝑟_ leads to near-horizon 

geometry 𝐴𝑑𝑆2 × 𝑆2: 𝑡 = Τ𝑡 𝜀 , 𝑟 = 𝑟0 + 𝜀𝜌, 𝑟± = 𝑟0 ± 𝜀𝐵, 𝑀 =
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(Near-) Extremal BHs in (A)dS Space

KN BH in (A)dS

Warped AdS3 x S1

KN BH
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Petrov Classification of Gravitational 

Fields

Based on “Exact Space-Times in Einstein’s General Relativity” 

by Griffiths and Podolsky (Cambrige Monographs, 2009)



Weyl Curvature & Ten Scalar Functions

• Weyl curvature
𝐶𝛼𝛽𝜇𝜈

= 𝑅𝛼𝛽𝜇𝜈 +
1

2
𝑅𝛽𝜇𝑔𝛼𝜈 + 𝑅𝛼𝜈𝑔𝛽𝜇 − 𝑅𝛽𝜈𝑔𝛼𝜇 − 𝑅𝛼𝜇𝑔𝛽𝜈 +

1

6
𝑔𝛼𝜇𝑔𝛽𝜈 − 𝑔𝛼𝜈𝑔𝛽𝜇

• Metric tensor in null tetrad formalism
𝑔𝜇𝜈 = − 𝑘𝜇𝑙𝜈 + 𝑙𝜇𝑘𝜈 +𝑚𝜇 ഥ𝑚𝜈 + ഥ𝑚𝜇𝑚𝜈

• Ten complex scalar functions for the Weyl curvature

Ψ0 = 𝐶𝛼𝛽𝜇𝜈𝑘
𝛼𝑚𝛽𝑘𝜇𝑚𝜈 A transverse component propagating in 𝒍 direction

Ψ1 = 𝐶𝛼𝛽𝜇𝜈𝑘
𝛼𝑙𝛽𝑘𝜇𝑚𝜈 A longitudinal component propagating in 𝒍 direction

Ψ2 = 𝐶𝛼𝛽𝜇𝜈𝑘
𝛼𝑚𝛽 ഥ𝑚𝜇𝑙𝜈 A Coulomb-like component

Ψ3 = 𝐶𝛼𝛽𝜇𝜈𝑙
𝛼𝑘𝛽𝑙𝜇 ഥ𝑚𝜈 A longitudinal component propagating in 𝒌 direction

Ψ4 = 𝐶𝛼𝛽𝜇𝜈𝑙
𝛼 ഥ𝑚𝛽𝑙𝜇 ഥ𝑚𝜈 A transverse component propagating in 𝒌 direction



Petrov Classification

Type Multiplicity of 

eigenvalues

Weyl curvature Zero scalars Nonzero 

scalar

I [1,1,1,1] 

(algebraically general)
𝑘[𝛿𝐶𝛼]𝛽𝜇[𝜈𝑘𝜎]𝑘

𝛽𝑘𝜇=0 Ψ0 = 0 Ψ1 ≠ 0

II [2,1,1]

(algebraically special)
𝐶𝛼𝛽𝜇[𝜈𝑘𝛾]𝑘

𝛽𝑘𝜇=0 Ψ0 = Ψ1 = 0 Ψ2 ≠ 0

D [2,2]

(algebraically special)

Ψ0 = Ψ1 = Ψ3

= Ψ4 = 0
Ψ2 ≠ 0

III [3,1]

(algebraically special)
𝐶𝛼𝛽𝜇[𝜈𝑘𝛾]𝑘

𝜇=0 Ψ0 = Ψ1 = Ψ2

= 0
Ψ3 ≠ 0

N [4]

(algebraically special)

𝐶𝛼𝛽𝜇𝜈𝑘
𝜇 = 0 Ψ0 = Ψ1 = Ψ2

= Ψ3 = 0
Ψ4 ≠ 0

O Conformally flat



Einstein-Maxwell Theory

Based on “Exact Space-Times in Einstein’s General Relativity” 

by Griffiths and Podolsky (Cambrige Monographs, 2009)



Einstein Equation

• Einstein field equations

𝐺𝜇𝜈 + Λ𝑔𝜇𝜈 = 8𝜋𝑇𝜇𝜈 , 𝐺𝜇𝜈 = 𝑅𝜇𝜈 −
1

2
𝑅𝑔𝜇𝜈

• Scalar functions for Ricci tensor

Φ00 =
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𝑅𝜇𝜈𝑘

𝜇𝑘𝜈 , Φ22 =
1

2
𝑅𝜇𝜈𝑙

𝜇𝑙𝜈

Φ01 =
1

2
𝑅𝜇𝜈𝑘

𝜇𝑚𝜈 , Φ12 =
1

2
𝑅𝜇𝜈𝑙

𝜇𝑚𝜈

Φ02 =
1

2
𝑅𝜇𝜈𝑚

𝜇𝑚𝜈 , Φ11 =
1

4
𝑅𝜇𝜈 𝑘𝜇𝑙𝜈 +𝑚𝜇 ഥ𝑚𝜈



Maxwell Theory

• Electromagnetic field: 

– Maxwell tensor 𝐹𝜇𝜈 = 𝐴𝜈,𝜇 − 𝐴𝜇,𝜈; differential forms 𝑭 = 𝑑𝑨

– Dual tensor  ෨𝐹𝜇𝜈 =
1

2
𝜀𝜇𝜈𝛼𝛽𝐹

𝛼𝛽 , 𝜀0123 = −𝑔

• Maxwell equations 

𝐹 ;𝜈
𝜇𝜈

= 4𝜋𝐽𝜇 , ෨𝐹 ;𝜈
𝜇𝜈

= 0

• Energy-momentum tensor

𝑇𝜇𝜈 =
1

4𝜋
𝐹𝜇𝛼𝐹𝜈

𝛼 −
1

4
𝑔𝜇𝜈𝐹𝛼𝛽𝐹

𝛼𝛽

• Complex scalar functions

Φ0 = 𝐹𝜇𝜈𝑘
𝜇𝑚𝜈 , Φ1 =

1

2
𝐹𝜇𝜈 𝑘𝜇𝑙𝜈 + ഥ𝑚𝜇𝑚𝜈 , Φ2 = ഥ𝑚𝜇𝑚𝜈

• Einstein electrovacuum solution 𝐽 = 0
Φ𝐴𝐵 = 2Φ𝐴

ഥΦ𝐵



de Sitter (dS) Space

Maximally symmetric space with constant 

curvature R:

𝑅𝛼𝛽𝜇𝜈 =
1

12
𝑅 𝑔𝛼𝜇𝑔𝛽𝜈 − 𝑔𝛼𝜈𝑔𝛽𝜇

𝑅 = 𝐷 𝐷 − 1 𝐻2 =
2𝐷

𝐷 − 2
𝛬 , 𝐿𝑑 =

1

𝐻



dS Space

• Globally embedded hyperboloid in D=5

−𝑍0
2 + 𝑍1

2 + 𝑍2
2 + 𝑍3

2 + 𝑍4
2 = 𝐿𝑑

2 , 𝐿𝑑 = 3/Λ = 1/𝐻

𝑑𝑠2 = −𝑑𝑍0
2 + 𝑑𝑍1

2 + 𝑑𝑍2
2 + 𝑑𝑍3

2 + 𝑑𝑍4
2

• Global coordinates

𝑍0 =
1

𝐻
sinh𝐻𝑡 , 𝑍1 =

1

𝐻
cosh𝐻𝑡 cos 𝜒 , 𝑍2 =

1

𝐻
cosh𝐻𝑡 sin 𝜒 cos 𝜃

𝑍3 =
1

𝐻
cosh𝐻𝑡 sin 𝜒 sin 𝜃 cos 𝜙 , 𝑍4 =

1

𝐻
cosh𝐻𝑡 sin 𝜒 cos 𝜃 sin𝜙

• Friedmann-Lemaitre-Robertson-Walker (FLRW) geometry 
(spatial curvature k=+1)

𝑑𝑠2 = −𝑑𝑡2 +
cosh𝐻𝑡

𝐻

2

𝑑𝜒2 + sin 𝜒2 𝑑𝜃2 + sin 𝜃2 𝑑𝜙2



dS Space

• Conformal time

sin 𝜂 = sech𝐻𝑡 , tan 𝜂/2 = 𝑒𝐻𝑡

𝑑𝑠2 =
1

𝐻 sin 𝜂

2

−𝑑𝜂2 + 𝑑𝜒2 + sin 𝜒2 𝑑𝜃2 + sin 𝜃2 𝑑𝜙2

• Conformal structure and Penrose diagram



dS Space

• Spherical coordinates

𝑍0 = 𝐿𝑑
2 − 𝑟2 sinh

𝑡

𝐿𝑑
, 𝑍1 = 𝐿𝑑

2 − 𝑟2 cosh
𝑡

𝐿𝑑
,

𝑍2 = 𝑟 cos 𝜃 , 𝑍3 = 𝑟 sin 𝜃 cos𝜙 , 𝑍4 = 𝑟 cos 𝜃 sin𝜙

• Metric

𝑑𝑠2 = − 1 −
𝑟2

𝐿𝑑
2 𝑑𝑡2 +

𝑑𝑟2

1 −
𝑟2

𝐿𝑑
2

+ 𝑟2 𝑑𝜃2 + sin 𝜃2 𝑑𝜙2



dS Space

• Conformally flat coordinates 𝑠 = −𝜂0
2 + 𝑥2 + 𝑦2 + 𝑧2

𝑍0 =
𝐿𝑑
2 + 𝑠

2𝜂0
, 𝑍1 =

𝐿𝑑
2 − 𝑠

2𝜂0
, 𝑍2 = 𝐿𝑑

𝑥

𝜂0
, 𝑍3 = 𝐿𝑑

𝑦

𝜂0
, 𝑍4 = 𝐿𝑑

𝑧

𝜂0
• Conformally flat metric

𝑑𝑠2 =
𝐿𝑑
2

𝜂0
2 −𝑑𝜂0

2 + 𝑑𝑥2 + 𝑑𝑦2 + 𝑑𝑧2

• FLRW geometry in planar coordinates 𝜂0 = 𝑒−𝐻𝑡/𝐻



Anti-de Sitter (AdS) Space

Maximally symmetric space with constant 

curvature R:

𝑅𝛼𝛽𝜇𝜈 =
1

12
𝑅 𝑔𝛼𝜇𝑔𝛽𝜈 − 𝑔𝛼𝜈𝑔𝛽𝜇

𝑅 = −𝐷 𝐷 − 1 𝐾2 =
2𝐷

𝐷 − 2
𝛬 , 𝐿𝑎 =

1

𝐾



AdS Space

• Globally embedded hyperboloid in D=5

−𝑍0
2 + 𝑍1

2 + 𝑍2
2 + 𝑍3

2 − 𝑍4
2 = 𝐿𝑎

2 , 𝐿𝑎 = −3/Λ = 1/𝐾

𝑑𝑠2 = −𝑑𝑍0
2 + 𝑑𝑍1

2 + 𝑑𝑍2
2 + 𝑑𝑍3

2 − 𝑑𝑍4
2

• Global coordinates

𝑍0 =
1

𝐾
cosh 𝑟 sin𝐾𝑡 , 𝑍1 =

1

𝐾
sinh 𝑟 cos 𝜃 , 𝑍2 =

1

𝐾
sinh 𝑟 sin 𝜃 cos𝜙

𝑍3 =
1

𝐾
sinh 𝑟 sin 𝜃 sin𝜙 , 𝑍4 =

1

𝐾
cosh 𝑟 cos𝐾𝑡

𝑑𝑠2 = −cosh 𝑟2 𝑑𝑡2 +
1

𝐾

2

𝑑𝑟2 + sinh 𝑟2 𝑑𝜃2 + sin 𝜃2 𝑑𝜙2



AdS Space

• Conformal coordinate and time

tan 𝜒 = sinh 𝑟 , 𝜂 = 𝐾𝑡

𝑑𝑠2 =
1

𝐾 cos 𝜒

2

−𝑑𝜂2 + 𝑑𝜒2 + sin 𝜒2 𝑑𝜃2 + sin 𝜃2 𝑑𝜙2

• Conformal structure and Penrose diagram



AdS Space

• Spherical coordinates

𝑍0 = 𝐿𝑎
2 + 𝑟2 sin

𝑡

𝐿𝑎
, 𝑍4 = 𝐿𝑎

2 + 𝑟2 cos
𝑡

𝐿𝑎
,

𝑍1 = 𝑟 cos 𝜃 , 𝑍2 = 𝑟 sin 𝜃 cos 𝜙 , 𝑍4 = 𝑟 cos 𝜃 sin𝜙

• Metric

𝑑𝑠2 = − 1 +
𝑟2

𝐿𝑎
2 𝑑𝑡2 +

𝑑𝑟2

1 +
𝑟2

𝐿𝑎
2

+ 𝑟2 𝑑𝜃2 + sin 𝜃2 𝑑𝜙2



AdS Space

• Conformally flat coordinates 𝑠 = −𝜂0
2 + 𝑥2 + 𝑦2 + 𝑧2

𝑍0 =
𝐿𝑎
2 + 𝑠

2𝑥
, 𝑍1 =

𝐿𝑑
2 − 𝑠

2𝑥
, 𝑍2 = 𝐿𝑎

𝑦

𝑥
, 𝑍3 = 𝐿𝑎

𝑧

𝑥
, 𝑍4 = 𝐿𝑎

𝜂0
𝑥

• Conformally flat metric: 𝑑𝑠2 =
𝐿𝑎
2

𝑥2
−𝑑𝜂0

2 + 𝑑𝑥2 + 𝑑𝑦2 + 𝑑𝑧2

• Planar coordinates (𝑥 = ±
𝑒𝐾ෝ𝑥

𝐾
) :𝑑𝑠2 = 𝑑ො𝑥2 + 𝑒2𝐾 ො𝑥(

)

−𝑑𝜂0
2 +

𝑑𝑦2 + 𝑑𝑧2



Electrovacuum Solutions

Based on “Exact Space-Times in Einstein’s General Relativity” 

by Griffiths and Podolsky (Cambrige Monographs, 2009)



Bertotti-Robinson Universe

• Conformally flat solution of Einstein-Maxwell equations for 

non-null EM field [Bertotti (‘59), Robinson (‘59)]

𝑑𝑠2 =
𝑞2

𝑟2
−𝑑𝑡2 + 𝑑𝑟2 + 𝑟2 𝑑𝜃2 + sin 𝜃2 𝑑𝜙2

𝐹 =
𝑞

𝑟2
𝑑𝑟 ∧ 𝑑𝑡

• Non-null EM field 𝐹𝜇𝜈𝐹
𝜇𝜈 = −2/𝑞2 (non-singular spherically 

symmetric and homogeneous)  

• Null tetrad 

𝑘 =
𝑟

𝑞

𝜕𝑡 + 𝜕𝑟

2
, 𝑙 =

𝑟

𝑞

𝜕𝑡 − 𝜕𝑟

2

• Complex scalar function Φ0 = 1/2𝑞



Bertotti-Robinson Universe

• Other forms of Bertotti-Robinson universe from transformation

𝑡 =
𝑞 𝑞2 + 𝑅2sin(

𝑇
𝑞
)

𝑅 + 𝑞2 + 𝑅2cos(
𝑇
𝑞
)
, 𝑟 =

𝑞2

𝑅 + 𝑞2 + 𝑅2cos(
𝑇
𝑞
)

• Metric 

𝑑𝑠2 = − 1 +
𝑅2

𝑞2
𝑑𝑇2 +

𝑑𝑅2

1 +
𝑅2

𝑞2

+ 𝑞2 𝑑𝜃2 + sin 𝜃2 𝑑𝜙2

• Topology is 𝐴𝑑𝑆2 × 𝑆2 𝑅𝐴𝑑𝑆 ≠ 𝑅𝑆 𝑢𝑛𝑙𝑒𝑠𝑠 𝑞 = 1



Bertotti-Robinson Universe

• Alternative form of Bertotti-Robinson universe from 
transformation

𝑡 = 𝑞
𝑞 + 𝑣

𝑞 − 𝑣
−
2𝑞 − 𝑢

2𝑞 + 𝑢
, 𝑟 = 𝑞

𝑞 + 𝑣

𝑞 − 𝑣
+
2𝑞 − 𝑢

2𝑞 + 𝑢

𝜁 = 2𝑞 tan 𝜃/2 𝑒𝑖𝜙

• Metric 

𝑑𝑠2 = −
2𝑑𝑢𝑑𝑣

1 + 𝑢𝑣/2𝑞2 2
+

2𝑑𝜁𝑑 ҧ𝜁

1 + 𝜁 ҧ𝜁/2𝑞2 2

• A particular subclass of the Kundt family of nonexpanding 

spacetimes with 𝑢 = −𝑞2/෤𝑢, 𝑣 = 2 ෤𝑢 − 2𝑞2/ ෤𝑣

𝑑𝑠2 = −2𝑑෤𝑢𝑑 ෤𝑣 −
෤𝑣2

𝑞2
𝑑 ෤𝑢2 +

2𝑑𝜁𝑑 ҧ𝜁

1 + 𝜁 ҧ𝜁/2𝑞2 2



Direct-product Spacetimes
• Parametrized metric for all direct-product spacetimes

𝑑𝑠2 = −
2𝑑𝑢𝑑𝑣

1 − 𝜖1𝑢𝑣/2𝑎
2 2

+
2𝑑𝜁𝑑 ҧ𝜁

1 + 𝜖2𝜁 ҧ𝜁/2𝑏2 2

• Null tetrad: 𝑘 = Ω𝜕𝑣 , 𝑙 = Ω𝜕𝑢 , 𝑚 = Σ𝜕ത𝜁 , ഥ𝑚 = Σ𝜕𝜁 (

)

Ω = 1 −

𝜖1𝑢𝑣/2𝑎
2, Σ = 1 + 𝜖2𝜁 ҧ𝜁/2𝑏2

• Nonvanishing scalars (type D)

Ψ2 = −
1

6

𝜖1
𝑎2

+
𝜖2
𝑏2

, Φ11 =
1

4
−
𝜖1
𝑎2

+
𝜖2
𝑏2

, 𝑅 =
1

2

𝜖1
𝑎2

+
𝜖2
𝑏2

• Classification



Direct-product Spacetimes

𝝐𝟏 𝝐𝟐 Geometry Universe 𝚽𝟏𝟏 𝚲

0 0 𝑀2 × 𝐸2 Minkowski = 0 = 0

+1 +1 𝑑𝑆2 × 𝑆2 Nariai = 0  0

-1 -1 𝐴𝑑𝑆2 × 𝐻2 Anti-Nariai = 0  0

-1 +1 𝐴𝑑𝑆2 × 𝑆2 Bertotti-Robinson  0 = 0

0 +1 𝑀2 × 𝑆2 Plebanski-Hacyan  0  0

-1 0 𝐴𝑑𝑆2 × 𝐸2 Plebanski-Hacyan  0  0 



Direct-product Spacetimes



Melvin Universe
• Cylindrically symmetric metric [Bonner (‘54); Melvin (‘64)]

𝑑𝑠2 = 𝐷2 𝜌 −𝑑𝑡2 + 𝑑𝜌2 + 𝑑𝑧2 +
1

𝐷2 𝜌
𝜌2𝑑𝜙2

𝐷 𝜚 = 1 + 𝐵2𝜚2/4

• Complex self-dual Maxwell tensor (non-null EM field)

𝐹 + 𝑖 ෨𝐹 = 𝑒−𝑖𝜓𝐵 𝑑𝑧 ∧ 𝑑𝑡 + 𝑖𝐷−2 𝜌 𝜌𝑑𝜌 ∧ 𝑑𝜙
– Electric field 𝜓 = 0 : 𝐹 = 𝐵𝑑𝑧 ∧ 𝑑𝑡

– Magnetic field 𝜓 = 𝜋/2 : 𝐹 = 𝐵𝐷−2 𝜌 𝜌𝑑𝜌 ∧ 𝑑𝜙

• Tetrad

𝑘 =
1

2𝐷
𝜕𝑡 + 𝜕𝑧 , 𝑙 =

1

2𝐷
𝜕𝑡 − 𝜕𝑧 , 𝑚 =

1

2

1

𝐷
𝜕𝜌 − 𝑖

𝐷

𝜌
𝜕𝜙

• Nonvanishing components (type D)

Ψ2 =
1

2
𝐵2𝐷−4 −1 +

1

4
𝐵2𝜚2 , Φ11 =

1

2
𝐵2𝐷−4 , Φ1 =

1

2
𝐵𝐷−2𝑒𝑖𝜓



Black Holes in Einstein-Maxwell Theory



Reissner-Nordström BHs
• Spherically symmetric black holes with mass M, electric charge Q 

and magnetic charge P 

𝑑𝑠2 = −𝑓 𝑟 𝑑𝑡2 +
𝑑𝑟2

𝑓 𝑟
+ 𝑟2 𝑑𝜃2 + sin 𝜃2 𝑑𝜙2

𝑓 𝑟 = 1 −
2𝑚

𝑟
+
𝑞2 + 𝑝2

𝑟2

• Vector potential for Maxwell field

𝐴[1] =
𝑞

𝑟
𝑑𝑡 + 𝑝 cos 𝜃 − 𝜎 𝑑𝜙

• Nonvanishing components of curvatures (type D)

Ψ2 = −
𝑚

𝑟3
+
𝑞2 + 𝑝2

𝑟4
, Φ11 =

𝑞2 + 𝑝2

2𝑟4

• Outer (event ) horizon and inner (Cauchy) horizon

𝑟± = 𝑚 ± 𝑚2 − 𝑞2 + 𝑝2



Reissner-Nordström BHs

Conformal diagram for maxi

mally extended RN BH

Conformal diagram for extre

mal RN BH (𝒓+ = 𝒓_)



Reissner-Nordström BHs in (A)dS Space
• Spherically symmetric black holes with mass M, electric charge Q 

and magnetic charge P 

𝑑𝑠2 = −𝑓 𝑟 𝑑𝑡2 +
𝑑𝑟2

𝑓 𝑟
+ 𝑟2 𝑑𝜃2 + sin 𝜃2 𝑑𝜙2

𝑓 𝑟 = 1 −
2𝑚

𝑟
+
𝑞2 + 𝑝2

𝑟2
±
𝑟2

𝐿2

• Vector potential for Maxwell field

𝐴[1] =
𝑞

𝑟
𝑑𝑡 + 𝑝 cos 𝜃 − 𝜎 𝑑𝜙

• Outer (event ) horizon, inner (Cauchy) horizon and 

cosmological horizon for dS

𝑓 𝑟 = ±
(𝑟 ± 𝑟𝑐)(𝑟 − 𝑟+)(𝑟 − 𝑟−)(𝑟 + 𝑟0)

𝑟2



Kerr-Newman-(Anti)de Sitter BHs
• Kerr-Newman (KN)-(Ant-)de Sitter ((A)dS) black holes in Boyer-

Lindquist-type coordinates ((A)dS radius 𝐿 𝐴 𝑑𝑆 = 3/ Λ )
𝑑𝑠2

= −
Δ𝑟
𝜚2

𝑑𝑡 −
𝑎 sin 𝜃2

Ξ
𝑑𝜙

2

+
𝜚2

Δ𝑟
𝑑𝑟2 +

𝜚2

Δ𝜃
𝑑𝜃2 +

Δ𝜃 sin 𝜃
2

𝜚2
𝑎𝑑𝑡 −

𝑟2 + 𝑎2

Ξ
𝑑𝜙

2

𝜚2 = 𝑟2 + 𝑎2 cos 𝜃2 , Δ𝜃 = 1 ∓
𝑎2

𝐿2
cos 𝜃2

Δ𝑟 = 𝑟2 + 𝑎2 1 ±
𝑎2

𝐿2
𝑟2 − 2𝑀𝑟 + 𝑄2 + 𝑃2 , Ξ = 1 ∓

𝑎2

𝐿2

• Mass, angular momentum, electric and magnetic charges: 
𝑀

Ξ2
,
𝑀𝑎

Ξ2
,
𝑄

Ξ
,
P

Ξ

• Vector potential for Maxwell field

𝐴[1] =
𝑄𝑟 − 𝑃𝑎 cos 𝜃

𝜚2
𝑑𝑡 −

𝑎 sin 𝜃2

Ξ
𝑑𝜙 +

𝑃 cos 𝜃 − 𝜎

Ξ
𝑑𝜙



Schwinger Effect in Curved Spacetimes
Zaumen (‘74), Carter (‘74), Gibbons (‘75)

Damour, Ruffini (‘76)

⋮

Ruffini (‘98) dyadosphere of BH

Khriplovich (‘99)

Gabriel (‘01)

SPK, Page (‘04), (‘05), (‘08)

Ruffini, Vereshchagin, Xue (‘10)

Chen, SPK, Lin, Sun, Wu (‘12); Chen, Sun, Tang, Tsai (‘15)

Ruffini, Wu, Xue (‘13)

SPK (‘13), Cai, SPK (‘14)

SPK, Lee, Yoon (‘15); SPK (‘15) 

Chen, SPK, Sun, Tang (‘16)

Chen, SPK (‘20), Cai, Chen, SPK, Sun (‘20), Zhang et al (‘21)

Chen, SPK (‘23), Chen et al (‘22)

Moss, Stazsak (‘23), Siahaan (‘23), ⋯



Unified Picture for Spontaneous 

Pair Production



Spontaneous Pair Production: 

Unified Picture [SPK (‘07)]

Vacuum

Fluctuations/

Unruh Effects

Schwinger 
Mechanism/ 
Polarization 

QCD??

QED

Hawking 
Radiation/

Polarization?

(anti-)de Sitter

Black Holes



Why Schwinger Effect in (A)dS2?
Near-Horizon Geometry of RN BHs

RN Black 
Holes

Near-
extremal BH

AdS2S2

Nonextremal
BH

Rindler2 S2

Rotating 
BH in dS

S-scalar wave QED in dS2



Effective Temperature for 

Unruh Effect in (A)dS2
[Narnhofer, Peter, Thirring (‘96); Deser, Levin (‘97)]

Effective 
Temperature

Unruh 
Effect

TU = a/2

(A)dS
R = 2H2 

or -2K2

𝑇eff = 𝑇U
2 +

𝑅

8𝜋2



Schwinger Effect in (A)dS [Cai, SPK (‘14)]

Vacuum

Fluctuations

QED
Schwinger 

Effect/ Unruh 
Effect 

de Sitter
Gibbons-
Hawking 
Radiation

𝑇eff = 𝑇𝑈 + 𝑇𝑈
2 + 𝑇𝐺𝐻

2



What is Schwinger Effect? 

• Constant E-field changes energy 

spectra in Minkowski spacetime:

• Spontaneous creation of a particle-

antiparticle pair from the Dirac sea 

(quantum mechanical tunneling)

• Critical (Schwinger) field to 

energetically separate the pair

22 mpxeE +=




2mc
mc

eEc =



















=










−=

m

qE

π
T,

T

m
N S

S

S
2

1

2
exp



What is Unruh Effect? 

• Four regions of Minkowski space: 

*right Rinder wedge (RR, an 

accelerating observer to the right), 

*left Rindler wedge (LR, an 

accelerating observer to the left), 

*expanding degenerate Kasner

universe (EDK)

*contracting degenerate Kasner

universe (CDK).

• Unruh effect and temperature

• Different view point: V. Belinski

][2

][

1

1
0ˆˆ0

/

B

U

TM

RR

M

ck

a
T

e
aa

U






=

−
=+

[Crispino, Higuchi, Matsas, 

Rev. Mod. Phys. 80 (‘08)]



Hawking Radiation & Schwinger Effect

• Hawking emission 

formula in charged BH 

[CMP (‘74)]

• No Hawking radiation 

when Q = M

• Schwinger emission 

formula in E-field [PR 

(‘51)]

• Heisenberg-Euler, 

Weisskopf, Schwinger 

QED actions









=











−=

m

qE
T

T

m
N

S

S

S

2

1
2

exp

( )222

22
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1
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H
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H
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



Connecting Schwinger Mechanism & 

Unruh Effect & Hawking Radiation

• An intuitive way to understand particle (pair) production

[Frolov & Novikov, Black Hole Physics (1998)]

𝑃 ≅ exp −2𝜋
energy (mass)

force × Compton length
= exp −

energy (mass)

𝑘B𝑇

• Schwinger pair production: 𝐹 = 𝑒𝐸, 𝑙 =
[ℏ]

𝑚[𝑐]
⇔ 𝑇 =

𝑒𝐸/𝑚

2𝜋

• Unruh effect: 𝐹 = 𝑚𝑎, 𝑙 =
[ℏ]

𝑚[𝑐]
⇔ 𝑇 =

𝑎

2𝜋

• Hawking radiation: 𝐹 = 𝑚𝜅, 𝑙 =
[ℏ]

𝑚[𝑐]
⇔ 𝑇 =

𝜅

2𝜋



Complex Analysis Method for 

Particle Production



Mathematical Beauty behind Particle 

Production and Stokes Phenomena
[SPK, AAPPS Bulletin 23, No. 6, 35 (2013); e-EPS, December (2013)]

At the James Scott Prize Lecture in 1939, P. A. M. Dirac emp

hasized the theory of functions of a complex variable as an in

teresting mathematical theory that fulfilled his criteria of be

auty. He found this field to be of “exceptional beauty” and he

nce likely to lead to deep physical insight [1]. The lecture was 

delivered a decade after he discovered the Dirac equation, the 

positron was found, and the concept of the Dirac sea was well 

adopted.

[1] H S Kragh, DIRAC: A Scientific Biography (Cambridge University Pre

ss, 1990).



Boundary Condition for Static Systems 

(B-field, AdS or E-field)

• Flux conservation

1

𝑅

2

−
𝑇

𝑅

2

= 1

• Bogoliubov coefficients for 
scalar QED

𝛼 =
1

𝑅∗
, 𝛽 =

𝑇∗

𝑅∗

• [Nikishov, NPB 21 (‘70); 
Brezin, Itzykson, PRD 2 (‘70); 
SPK, Page, PRD 65 (‘02), 73 
(‘06)]

))((

*

1 xkti

in e
R

+ 
))((

*

*
* xkti

out e
R

T + 

))(( xkti

out e − 

Tunneling under the barrier



Tunneling Interpretation

• The motion of charged particle in a constant electric field in 

the Coulomb gauge is the tunneling problem under the 

potential barrier.

• The instanton action method [SPK, Page, PRD 65 (‘02), 73 

(‘06)]: pair production rate is given by the tunneling 

probability under the barrier

−𝜕2/𝜕𝑥2 − 𝑞2(𝑥) 𝜙𝜔(𝑥) = 0
𝑞2(𝑥) = 𝜔 + 𝑞𝐸𝑥 2 −𝑚2 − 2𝑖𝜎𝑞𝐸 = 𝑞𝐸 2 𝑥 − 𝑥+ 𝑥 − 𝑥−

𝑃 = 𝑒−𝑆; 𝑆 = 2න
𝑥−

𝑥+

𝑞(𝑥)𝑑𝑥 = 𝜋
𝑚2 + 𝑘⊥

2

𝑞𝐸



Tunneling Interpretation

• Complex analysis through a contour integral [SPK, Page, 

PRD 75 (‘07)]

−𝜕2/𝜕𝑧2 − 𝑞2(𝑧) 𝜙𝜔(𝑧) = 0

𝑞(𝑧) = 𝑞𝐸 𝑧 − 𝑧+ 𝑧 − 𝑧− = 𝑞𝐸 𝑧 −
𝑧+ + 𝑧−

2
−

𝑧+ − 𝑧−
2

8𝑧
+⋯

𝑆 = −𝑖 ර

𝐶

𝑞(𝑧)𝑑𝑧 = 𝜋
𝑚2 + 𝑘⊥

2

𝑞𝐸

• Higher correction terms [Froman, Froman, NPA147 (‘70)] 

yield zero residues and thus lead to the exact formula.



Boundary Condition for Nonstatic

Systems (E-field, dS or B-field)

• Flux conservation

1

𝑇

2

−
𝑅

𝑇

2

= 1

• Bogoliubov coefficients 

for scalar QED

𝛼 =
1

𝑇∗
, 𝛽 =

𝑅∗

𝑇∗

))((

*

1 kxti

out e
T

+ ))(( kxti

in e + 

)(

*

*
* kxti

out e
T

R − 

Scattering over the barrier



Scattering Interpretation

• Vector gauge 𝐴𝜇 = (0,0,0,−Et) and contour integral [SPK, 

Page, PRD 75 (‘07)]

𝜕2/𝜕𝑧2 +𝜔2(𝑧) 𝜙𝜔𝑘(𝑧) = 0

𝜔(𝑧) = 𝑞𝐸 𝑧 − 𝑧+ 𝑧 − 𝑧− = 𝑞𝐸 𝑧 −
𝑧+ + 𝑧−

2
−

𝑧+ − 𝑧−
2

8𝑧
+⋯

𝑆 = 𝑖 ර

𝐶

𝜔(𝑧)𝑑𝑧 = 𝜋
𝑚2 + 𝑘⊥

2

𝑞𝐸

• Higher correction terms [Froman, Froman, NPA147 (‘70)] 

yield zero residues and thus lead to the exact formula.



Scattering Picture & Stokes Phenomenon

Scattering over the Barrier Stokes Phenomenon

[Fig. from Dumlu, Dunne, PRL 104 

(‘10); anti-Stokes lines (solid blue lines) 

and Stokes lines (dotted red lines)]

ሷ𝜙𝑘(𝑡) + 𝜔𝑘
2(𝑡)𝜙𝑘(𝑡) = 0; 𝜙𝑘(𝑡) = 𝑅𝑘(𝑡)𝑒

𝑖𝑆𝑘(𝑡)/ℏ



Boson & Fermion Production

• In the phase-integral method, the mean number of pairs 

with one pair of turning points of complex action [SPK, 

Page, PRD 75 (‘07); SPK, JHEP 09 (‘10)]: 𝑁 = 𝑒−2 Im 𝑆

• For gauge field with two pairs of turning points, the mean 

number of boson pairs [Dumlu & Dunne, PRL 104 (‘10)]
𝑁boson
= 𝑒−2 Im 𝑆(𝐼) + 𝑒−2 Im 𝑆(𝐼𝐼) − 2 cos( Re 𝑆 (𝐼, 𝐼𝐼))𝑒− Im 𝑆(𝐼)−Im 𝑆(𝐼𝐼)

≈ 4sin2( Re 𝑆)𝑒−2 Im 𝑆

• The mean number of fermion pairs
𝑁fermion
= 𝑒−2 Im 𝑆(𝐼) + 𝑒−2 Im 𝑆(𝐼𝐼) + 2 cos( Re 𝑆 (𝐼, 𝐼𝐼))𝑒− Im 𝑆(𝐼)−Im 𝑆(𝐼𝐼)

≈ 4cos2( Re 𝑆)𝑒−2 Im 𝑆



Phase-Integral for Particle Production

• The particle production rate in the in-in formalism [SPK, 

PLB 725 (‘13); JPS Conf. Proc. 1 (‘14)]

𝒩𝛼 = ෍

𝐽

0𝛼 , 𝑡0 0𝛼 , 𝐶𝐽
(1)

2

= ෍

𝐽

exp −𝑖 ර
𝐶𝐽
(1)

(𝑡0)

𝜔𝛼(𝑧)𝑑𝑧

• A charged particle in a constant electric field or a massive 

particle in a de Sitter space:

𝜔 𝑧 = 𝑓 𝑧 𝑧 − 𝑧0 𝑧 − 𝑧0
∗ 𝑓(𝑧) = analytic function

• Schwinger pair production and de Sitter radiation result 

from the residue theorem and Stokes phenomenon in the 

global coordinates [SPK, PRD 88 (‘13)]

𝑁𝑘 = exp −2𝜋Res[𝜔(𝑧)] =
exp −𝜋

𝑚2 + 𝑘⊥
2

𝑞𝐸

exp −2𝜋
𝑚

𝐻



Monodromy Method
[Chen, Ishige, SPK, Takayasu, Wei, 2210.14792]

Poles on Riemann sphere Mean number

• Riemann equation

𝑦′′ 𝑟 +
1−𝜌1−𝜌2

𝑟−𝑟1
+

1−𝜎1−𝜎2

𝑟−𝑟2
𝑦′ 𝑟 +

1

𝑟−𝑟1 𝑟−𝑟2

𝜌1𝜌2 𝑟1−𝑟2

𝑟−𝑟1
+

𝜎1𝜎2 𝑟2−𝑟1

𝑟−𝑟2
+ 𝜏1𝜏2 𝑦 𝑟 = 0

• Riemann P-function

𝑃

𝑧1 𝑧2 ∞
𝜌1 𝜎1 𝜏1
𝜌2 𝜎2 𝜏2

; 𝑟 , ෍
𝑖
𝜌𝑖 + 𝜎𝑖 + 𝜏𝑖 = 1

• Mean number

𝑁 =
cos 𝜋 𝜎1 − 𝜎2 + 𝜏1 − 𝜏2 − cos𝜋 𝜎1 − 𝜎2 − 𝜏1 + 𝜏2

cos 𝜋 𝜎1 − 𝜎2 − 𝜏1 + 𝜏2 + cos𝜋 𝜌1 − 𝜌2



Monodromy for Near-extremal RN BHs

• Charged scalar in near-horizon of near-extremal RN BHs
𝑑2𝑅

𝑑𝜌2
+

2𝜌

𝜌2 − 𝐵2
𝑑𝑅

𝑑𝜌
+

𝑄2 𝜔𝑄 − 𝑞𝜌 2

𝜌2 − 𝐵2 2
−

𝑚2𝑄2

𝜌2 − 𝐵2
𝑅 = 0

• Riemann P-function

𝑃

−𝐵 𝐵 ∞

𝑖𝛼− 𝑖𝛼+
1

2
+ 𝑖𝛼∞

−𝑖𝛼− −𝑖𝛼+
1

2
− 𝑖𝛼∞

; 𝜌

𝛼± = 𝑄2
𝜔

𝐵
∓ 𝑞𝑄 , 𝛼∞ = 𝑞2 −𝑚2 𝑄2 − 𝜆𝑙 −

1

4

• Mean number for Schwinger pair production 

𝑁 =
sinh(2π𝛼+) sinh(2π𝛼∞)

coshπ(𝛼+ + 𝛼− − 𝛼∞)coshπ(𝛼+ − 𝛼− − 𝛼∞)



QED in (A)dS2



Schwinger formula in (A)dS2

• (A)dS metric and the gauge potential for E

𝑑𝑠2 = −𝑑𝑡2 + 𝑒2𝐻𝑡𝑑𝑥2, 𝐴1 = −(𝐸/𝐻)(𝑒𝐻𝑡 − 1)
𝑑𝑠2 = −𝑒2𝐾𝑥𝑑𝑡2 + 𝑑𝑥2, 𝐴0 = −(𝐸/𝐾)(𝑒𝐾𝑥 − 1)

• Schwinger formula (mean number) for scalars in dS2

[Garriga (‘94); SPK, Page (‘08)] and in AdS2 [Pioline, Troost

(‘05); SPK, Page (‘08)]

𝑁 = 𝑒−𝑆, 𝑆 =
𝜋𝑚2

𝑞𝐸

2 −
𝑅

4𝑚2

1 + 1 +
𝑚2𝑅
2 𝑞𝐸 2 −

𝑅2

16 𝑞𝐸 2



Effective Temperatures

• Effective temperature for accelerating observer in (A)dS2

[Narnhofer, Peter, Thirring (‘96); Deser, Levin (‘97)]

𝑁 = 𝑒
−𝑚/𝑇eff, 𝑇eff = 𝑇U

2 +
𝑅

8𝜋2
, 𝑅 = 2𝐻2, (−2𝐾2)

• Effective temperature for Schwinger formula in (A)dS2

[Cai, SPK (‘14)]

𝑁 = 𝑒
− ǉ𝑚/𝑇eff, ǉ𝑚 = 𝑚2 −

𝑅

8
, 𝑇U =

𝑞𝐸/ ǉ𝑚

2𝜋
, 𝑇GH =

𝐻

2𝜋

𝑇dS = 𝑇U
2 + 𝑇GH

2 + 𝑇U, 𝑇AdS = 𝑇U
2 +

𝑅

8𝜋2
+ 𝑇U



Scalar QED Action in dS2

• Mean number for pair production and vacuum polarization 

from the in-out formalism [Cai, SPK (‘14)]

𝑁𝑑𝑆 =
𝑒−(𝑆𝜇−𝑆𝜆) + 𝑒−2𝑆𝜇

1 − 𝑒−2𝑆𝜇
, 2 Im𝑊𝑑𝑆

(1)
= ln 1 + 𝑁𝑑𝑆

𝐿𝑑𝑆
(1)

=
𝐻2𝑆𝜇

2 2𝜋
𝑃න

0

∞𝑑𝑠

𝑠

൦
𝑒−(𝑆𝜇−𝑆𝜆)𝑠/2𝜋

1

sin( 𝑠/2)
−

ฐ2

𝑠

Schwinger subtraction

቉−𝑒−𝑆𝜇𝑠/𝜋
cos( 𝑠/2)

sin( 𝑠/2)
−
2

𝑠

𝑆𝜇 = 2𝜋
𝑞𝐸

𝐻2

2

+
𝑚

𝐻

2

−
1

4
, 𝑆𝜆 = 2𝜋

𝑞𝐸

𝐻2

Large order perturbation



Spinor QED Action in dS2

• Mean number for pairs and vacuum polarization [SPK (‘15)]

𝑁𝑑𝑆
𝑠𝑝
=
𝑒−(𝑆𝜇−𝑆𝜆) − 𝑒−2𝑆𝜇

1 − 𝑒−2𝑆𝜇
, 2 Im𝑊𝑑𝑆

(1)
= − ln 1 − 𝑁𝑑𝑆

𝑠𝑝

𝑁𝑑𝑆
𝑠𝑝
= −

𝐻2𝑆𝜇
2𝜋

𝑃න
0

∞𝑑𝑠

𝑠
𝑒−(𝑆𝜇−𝑆𝜆)𝑠/2𝜋 − 𝑒−𝑆𝜇𝑠/𝜋 cot(

𝑠

2
) −

2

𝑠

𝑆𝜇 = 2𝜋
𝑞𝐸

𝐻2

2

+
𝑚

𝐻

2

, 𝑆𝜆 = 2𝜋
𝑞𝐸

𝐻2



Scalar QED Action in AdS2

• Mean number for pair production, violation of BF bound & 

vacuum polarization [Cai, SPK (‘14)]

𝑁AdS
sc =

𝑒−(𝑆𝜅−𝑆𝜈) − 𝑒−(𝑆𝜅+𝑆𝜈)

1 + 𝑒−(𝑆𝜅+𝑆𝜈)
, 2 Im𝑊AdS

(1)
= ln 1 + 𝑁AdS

𝐿AdS
sc = −

𝐾2𝑆𝜈
2 2𝜋

𝑃න
0

∞𝑑𝑠

𝑠
𝑒−𝑆𝜅𝑠/2𝜋 cosh( 𝑆𝜈𝑠/2𝜋)

1

sin( 𝑠/2)
−
2

𝑠
−

𝑠

12

𝑆𝜈 = 2𝜋
𝑞𝐸

𝐾2

2

−
𝑚

𝐾

2

−
1

4
, 𝑆𝜅 = 2𝜋

𝑞𝐸

𝐾2

Τ𝑞𝐸
𝐾

2
≥ 𝑚2 + ൗ𝐾2

4 (violation of BF bound)



Spinor QED Action in AdS2

• Mean number for pairs, violation of BF bound & vacuum 

polarization [SPK (‘15)] 

𝑁
AdS
sp

=
𝑒−(𝑆𝜅−𝑆𝜈) − 𝑒−(𝑆𝜅+𝑆𝜈)

1 − 𝑒−(𝑆𝜅+𝑆𝜈)
, 2 Im𝑊

AdS
sp

=− ln 1 − 𝑁
AdS
sp

𝐿
AdS
sp

= −
𝐾2𝑆𝜈
2𝜋

𝑃න
0

∞𝑑𝑠

𝑠
𝑒−(𝑆𝜅−𝑆𝜈)𝑠/2𝜋 − 𝑒−(𝑆𝜅+𝑆𝜈)𝑠/2𝜋 cot(

𝑠

2
) −

2

𝑠
+
𝑠

6

𝑆𝜈 = 2𝜋
𝑞𝐸

𝐾2

2

−
𝑚

𝐾

2

, 𝑆𝜅 = 2𝜋
𝑞𝐸

𝐾2

ൗ𝑞𝐸
𝐾

2

≥ 𝑚2



Schwinger Effect in Near-

extremal Black Holes



Schwinger Effect in RN BHs

• Thermal interpretation of Schwinger formula for charged 

scalars and fermions harmonics [Chen, SPK, Lin, Sun, Wu 

(‘12); Chen, Sun, Tang, Tsai (‘15); SPK, Lee, Yoon (‘15); 

SPK (‘15)]

𝑁𝑁𝐵𝐻 =
𝑒
−

ǉ𝑚
𝑇𝑅𝑁 − 𝑒

−
ǉ𝑚

ሜ𝑇𝑅𝑁

1 ± 𝑒
−

ǉ𝑚
ሜ𝑇𝑅𝑁

Schwinger effect in AdS2
Cai & SPK (′14)

× 𝑒
ǉ𝑚

𝑇𝑅𝑁 ×
𝑒
−

ǉ𝑚
𝑇𝑅𝑁(1 ∓ 𝑒

−
𝜔−𝑞𝐴0
𝑇𝐻 )

1 + 𝑒
−
𝜔−𝑞𝐴0
𝑇𝐻 𝑒

−
ǉ𝑚

𝑇𝑅𝑁

Schwinger effect in Rindler space
Gabriel & Spindel (′00)

Hawking radiation of charges

𝑇𝑅𝑁 = 𝑇𝑈 + 𝑇𝑈
2 − (

1

2𝜋𝑄
)2, ሜ𝑇𝑅𝑁 = 𝑇𝑈 − 𝑇𝑈

2 − (
1

2𝜋𝑄
)2

𝑇𝑈 =
𝑞𝐸𝐻/ ǉ𝑚

2𝜋
=

𝑞

2𝜋 ǉ𝑚𝑄



Schwinger Effect in Kerr NHs

• Thermal interpretation of Schwinger formula for charged 

scalars (spinors) in spheroidal harmonics in near-extremal 

KN BH [Chen, SPK, Sun, Tang (‘16)]

𝑁𝑁𝐾𝑁 =
𝑒
−

ǉ𝑚
𝑇𝐾𝑁 − 𝑒

−
ǉ𝑚

ሜ𝑇𝐾𝑁

1 ± 𝑒
−

ǉ𝑚
ሜ𝑇𝐾𝑁

Schwinger effect in AdS2

× 𝑒
ǉ𝑚

𝑇𝐾𝑁×
𝑒
−

ǉ𝑚
𝑇𝐾𝑁(1 ∓ 𝑒

−
𝜔𝑡−𝑞Φ𝐻−𝑛Ω𝐻

𝑇𝐻 )

1 + 𝑒
−
𝜔𝑡−𝑞Φ𝐻−𝑛Ω𝐻

𝑇𝐻 𝑒
−

ǉ𝑚
𝑇𝐾𝑁

Schwinger effect in Rindler space

𝑇𝐾𝑁 = 𝑇𝑈 + 𝑇𝑈
2 +

𝑅2
8𝜋2

, ሜ𝑇𝐾𝑁 = 𝑇𝑈 − 𝑇𝑈
2 +

𝑅2
8𝜋2

𝑇𝑈 =
𝑞𝑄3 − 2𝑛𝑎𝑟0

2𝜋 ǉ𝑚 𝑟0
2 + 𝑎2 2

, 𝑅2 = −
2

𝑟0
2 + 𝑎2

, ǉ𝑚 = 𝑚2 −
𝜆 + 1/4

2
𝑅2



Schwinger Effect in Dyon RN BH in (A)dS

• Thermal interpretation of Schwinger formula for charged 

scalars in spheroidal harmonics in near-extremal KN BHs 

[Chen, SPK, (‘20), Cai, Chen, SPK, (‘20)]

𝑁𝑁𝑆 =
𝑒
−
ഥ𝑚
𝑇𝑆 − 𝑒

−
ഥ𝑚
෨𝑇𝑆

1 ± 𝑒
−
ഥ𝑚
෨𝑇𝑆

Schwinger effect in AdS2

× 𝑒
ഥ𝑚
𝑇𝑆 × 𝑒−

ഥ𝑚
𝑆

1 ∓ 𝑒
−
𝜔𝑡+𝑞Φ𝐻+𝑝ഥΦ𝐻

𝑇𝐻

1 + 𝑒
−
𝜔𝑡+𝑞Φ𝐻+𝑝ഥΦ𝐻

𝑇𝐻 𝑒
−
ഥ𝑚
𝑇𝑆

Schwinger effect with chemical potentials in Rindler space

𝑇𝑆 = 𝑇𝑈 + 𝑇𝑈
2 +

𝑅

8𝜋2
, ෨𝑇𝑆 = 𝑇𝑈 − 𝑇𝑈

2 −
𝑅

8𝜋2

𝑇𝑈 =
𝑞𝑄 + 𝑝𝑃

2𝜋 ഥ𝑚𝑅𝑆
2 , 𝑅 = −

2

𝑅𝑆
2 , ഥ𝑚 = 1 +

𝑙 + 1/2

𝑚𝑅𝑆

2



Dyon Production in KN-(A)dS BHs

• Thermal interpretation of Schwinger formula for charged 

scalars in spheroidal harmonics in near-extremal KN BH 

[Chen, SPK, (‘23)]
𝑁𝑁𝐾𝑁

=
𝑒
−

ഥ𝑚
𝑇𝐾𝑁 − 𝑒

−
ഥ𝑚

෨𝑇𝐾𝑁

1 ± 𝑒
−

ഥ𝑚
෨𝑇𝐾𝑁

Schwinger effect in AdS2

× 𝑒
ഥ𝑚

𝑇𝐾𝑁

× 𝑒
−

ഥ𝑚
𝑇𝐾𝑁

1 − 𝑒
−
𝜔𝑡+𝑞Φ𝐻+𝑝ഥΦ𝐻+𝑛Ω𝐻

𝑇𝐻

1 + 𝑒
−
𝜔𝑡+𝑞Φ𝐻+𝑝ഥΦ𝐻+𝑛Ω𝐻

𝑇𝐻 𝑒
−

ഥ𝑚
𝑇𝐾𝑁

Schwinger effect with chemical potentials in Rindler space

𝑇𝐾𝑁 = 𝑇𝑈 + 𝑇𝑈
2 +

∆0

4𝜋2(𝑟0
2 + 𝑎2)

, ෨𝑇𝐾𝑁 = 𝑇𝑈 − 𝑇𝑈
2 +

∆0

4𝜋2(𝑟0
2 + 𝑎2)

𝑇𝑈 =
𝑞𝑄 + 𝑝𝑃 (𝑟0

2−𝑎2) − 2𝑛𝑎𝑟0

2𝜋 ഥ𝑚 𝑟0
2 + 𝑎2 2

, ഥ𝑚 = 1 +
𝜆 + Δ0/4

𝑚2 𝑟0
2 + 𝑎2



Nonlinear Electrodynamics in 

Astrophysics



When does nonlinear electrodynamics ma

tter in physics?

• Nonlinear electrodynamics means electromagnetic 

theory beyond the Maxwell theory.

• When the magnetic or electric length ( ൗ
1

𝑞𝐵
, ൗ
1

𝑞𝐸
) 

is comparable to or shorter than the characteristic 

length scale of physical systems, the electromagnet

ic theory becomes nonlinear.



Magnetars

Evolutionary tracks in 𝑃 − ሶ𝑃 diagram with model for mass and radius, with 

initial magnetic fields; asterisks mark the real ages 103, 104, 105, 5 × 105𝑦𝑟; 

dashed lines without magnetic field decay [Vignano et al, MNRAS 343 (‘13)]



The McGill Magnetar Catalog 
[Olausen, Kaspi, APJSS 212 (’14)]



Neutron Stars Merger: GW170817

“GW170817: Observation of Gravit

ational Waves from a Binary Neutr

on Star Inspiral” [LIGO-Virgo Colla

boration, PRL 119 (‘17)]; “Multi-me

ssenger Observations of a Binary N

eutron Star Merger” [LIGO-Virgo c

ollaboration, Fermi GRB etc, ApJ L

ett. 848 (‘17)]

Unimaginably strong EM fields are 

expected: hardly understood! 



GRB Astrophysics and Physics 
[B. Zhang, The Physics of GRBs (CUP, 2019)]

GRBs

Quantum 
gravity, New 

physics

Relativity

Quantum
physics

Strong 
interaction

Weak 
interaction

Electromagn
etic

Gravity

∙Synchrotron radi

ation

∙Inverse Compton 

scattering

∙Pair production 

&annihilation

∙Core collapse

∙ Accretion

∙ Compact star merger

∙Gravitational waves

∙ QED processes
∙ Hadronic process

∙ Relativistic bulk
motion
∙ Relativistic particles

∙ GR near BH/NS



Physics Strong EM Fields



Critical (Schwinger) Field Strength

• Critical electric field 𝐸𝑐 and critical magnetic field 𝐵𝑐
✓Energy delivered by field in Compton length ~ electron’s rest energy

✓Field energy density ~ electron’s rest energy / Compton volume

✓𝐸𝑐 =
𝑚𝑒
2𝑐3

ℏ𝑒
= 1.3 × 1016 ΤV cm, 𝐵𝑐 =

𝑚𝑒
2𝑐3

ℏ𝑒
= 4.4 × 1013 G

✓𝐼𝑐 = 4.6 × 1029 ΤW cm2

• Vacuum polarization and Schwinger pair production by strong fields

• Physical processes in near-critical or supercritical fields differ from those 

in weak fields

• Strongest fields on Earth 

✓Highest laser intensity: 𝐼 = 1.1 × 1023 ΤW cm2 [CoReLS, Optica 8 (‘21)] 

Controlled

✓ATLAS: accelerated Pb ions surrounded by an enormous flux of photons 

(EM field up to 1023 ΤV cm) and result in light by light scattering [Nat. Phys. 

13 (‘17)]: Not controlled



Strong Fields and High Energy Electrons
[Zhang et al, Phys. Plasmas 27 (‘20)]

CoReLS targeting for 2 GeV & 1022 ΤW cm2

(𝑎0 = 68, 𝜒 = 1.15)

𝜒 =



Nonlinear Electrodynamics



Nonlinear Electrodynamics

Plebanski Class 
NLED

Heisenberg-
Euler/Schwinger 

Euler-Kockel-
Heisenberg

HES

Top-down NLED

Born-Infeld

ModMax

𝐿𝑃 = 𝐿 𝐹, 𝐺 ,

𝐹 =
1

4
𝐹𝜇𝜈𝐹𝜇𝜈 , 𝐺 =

1

4
𝐹𝜇𝜈 ෨𝐹𝜇𝜈

𝐿𝑀𝑀 = −cosh 𝛾 𝐹 + sinh 𝛾 𝐹2 + 𝐺2

𝐿𝐵𝐼 = 𝑇 − 𝑇2 + 2𝑇𝐹 − 𝐺2



Vacuum Polarization

Photon virtual pair interaction

Euler-Kockel-Heisenberg

One-Loop Effective Action

• External legs: EM fields 

or gravitons

• Internal loops: fermions 

or bosons
2𝑒4

45𝑚4 4𝐹2 + 7𝐺2

𝐹 =
1

2
B2 − E2 , 𝐺 = −B ⋅ E

charge renormalization



Heisenberg-Euler/Schwinger QED Action

• Maxwell theory and Dirac/Klein-Gordon theory are gauge 

invariant:

𝐹 =
1

4
𝐹𝜇𝜈𝐹𝜇𝜈 =

1

2
B2 − E2 , 𝐺 =

1

4
𝐹𝜇𝜈𝐹𝜇𝜈

∗ = −B ⋅ E

𝑋 = 2(𝐹 + 𝑖𝐺) = 𝑋𝑟 + 𝑖𝑋𝑖

• The Heisenberg-Euler/Schwinger effective action per 

volume and time [Heisenberg-Euler, Z. Phys. 98 (‘36); 

Schwinger, Phys. Rev. 82 (‘51)]

𝐿(1) = −
1

8𝜋2
න
0

∞

𝑑𝑠
𝑒−𝑚

2𝑠

𝑠3
(𝑞𝑠)2𝐺

Re cosh( 𝑞𝑋𝑠)

Im cosh( 𝑞𝑋𝑠)
− 1 −

2

3
(𝑞𝑠)2𝐹



Worldline formalism for QED

• The propagator of a charge q in an EM field [Feynman, PR 

80 (‘50); string-inspired formalism, Schubert, PR 355 (‘01)] 

𝐷𝑥𝑥′ 𝐴 = 𝑥 0׬
∞
𝑑𝑇 exp −𝑇 − 𝜕 − 𝑖𝑞𝐴 2 +𝑚2 𝑥′

= න
0

∞

𝑑𝑇𝑒−𝑚
2𝑇න

𝑥 0 =𝑥′

𝑥 𝑇 =𝑥

𝒟𝑥 𝜏 𝑒
− 0׬

𝑇
𝑑𝜏

1
4
ሶ𝑥2−𝑖𝑞 ሶ𝑥𝐴 𝑥 𝜏

• N-plane waves (photons)

𝐴𝜇 𝑥 𝜏 =෍

𝑖=1

𝑁

𝜀𝑖
𝜇
𝑒𝑖𝑘𝑖 𝑥 𝜏

• Dressed propagator after Fourier transforming the end 

points



Worldline formalism for QED

• The one-loop effective action

Γ 𝐴 = −𝑡𝑟 ln − 𝜕 − 𝑖𝑞𝐴 2 +𝑚2

= න
0

∞𝑑𝑇

𝑇
𝑡𝑟 exp −𝑇 − 𝜕 − 𝑖𝑞𝐴 2 +𝑚2

= න
0

∞𝑑𝑇

𝑇
𝑒−𝑚

2𝑇න
𝑥 0 =𝑥 𝑇

𝒟𝑥 𝜏 𝑒
− 0׬

𝑇
𝑑𝜏

1
4
ሶ𝑥2−𝑖𝑞 ሶ𝑥𝐴 𝑥 𝜏

• Equivalent to one-loop N-photon amplitudes



Causality, Unitarity, Regular BHs

• Causality: elementary excitations over the background field 

should not have a group velocity exceeding the speed of 

light in vacuum.

• Unitarity: residue of the propagator should not be negative

[Shavad, Usov, (‘11)]

𝐿𝑃 = 𝐿 𝐹, 𝐺 , 𝐹 = 𝐹𝜇𝜈𝐹𝜇𝜈/4 , 𝐺 = 𝐹𝜇𝜈 ෨𝐹𝜇𝜈/4

𝐿𝐹 > 0 , 𝐿𝐹𝐹 ≤ 0 , 𝐿𝐹 + 2𝐹𝐿𝐹𝐹 ≥ 0

• Einstein-NLED [Bronnikov, 2211.00743]: ׬ −𝑔 𝑅 − 𝐿 𝐹

– 𝑇𝜇𝜈 = −2𝐿𝐹𝐹𝜇𝛼𝐹
𝛼𝜈 + 𝑔𝜇𝜈𝐿/2

– Regular BHs: 𝐿 → 𝐹 as 𝐹 → 0 and 𝐿 = 𝑓𝑖𝑛𝑖𝑡𝑒 as 𝐹 → ∞

– Radial electric field (no duality)

– Radial (monopole) magnetic fields



Vacuum Polarization, Linear Response

• HES QED action and top-down nonlinear actions belong to 

the Plebanski class action  

𝐿𝑃 = 𝐿 𝐹, 𝐺 , 𝐹 = 𝐹𝜇𝜈𝐹𝜇𝜈/4 , 𝐺 = 𝐹𝜇𝜈 ෨𝐹𝜇𝜈/4

• Polarization and magnetization (vacuum polarization)

𝑫 = 𝑬 + 𝑷 =
𝛿𝐿 𝐹, 𝐺

𝛿𝑬
, 𝑯 = 𝑩 −𝑴 = −

𝛿𝐿 𝐹, 𝐺

𝛿𝑩
• Linear response for a probe photon: permittivity,

permeability tensors and magneto-electric response

𝜹𝑫 = 𝜖𝐸𝛿𝑬 + 𝜖𝐵𝛿𝑩, 𝜹𝑯 = ഥ𝝁𝐵𝛿𝑩 + ഥ𝝁𝐸𝛿𝑬

• Magnetoelectric material or multiferroic [Eerenstein et al, 

Nature 442 (‘06), Fiebeig, J Phys. D 38 (‘05)]

• Vacuum birefringence (multirefringence) and polarization 

vectors [Kim, SPK, AIP Conf Proc. (‘23), EPJC83,059 (‘23), 

2210.12890; Sorokin, Fortschr. Phys. 70 (‘20)]



Astrophysics in Strong EM Fields



Strong Magnetic Fields in Astrophysics

• Physical upper limit to neutron star magnetic field strength follows from 

the virial theorem of magnetohydrostatic equilibrium [Chandrasekhar, 

Fermi, APJ 118 (‘53); Shapiro, Teukosky, BH, WD, NS (‘83)]

4𝜋𝑅𝑛𝑠
3

3

𝐵2

8𝜋
≤ 𝐺

𝑀𝑛𝑠
2

𝑅𝑛𝑠
⇒ 𝐵 ≤ 1018

𝑀𝑛𝑠

1.4𝑀⊙

10 km

𝑅𝑛𝑠

2

𝐺

• Dynamo actions [𝛼 dynamo: coupling of convective motions and rotation; 𝜔
dynamo: differential rotation] in proto-neutron stars can generate 

magnetic fields of order 1015G or stronger [Thomson, Duncan, APJ 408 

(‘93)], and magnetars have been observed [Vasisht, Gotthelf, APJ 486 (‘97)]. 

• Recent space missions proposed to probe QED regime: 

✓Astro2020 Science White Paper, “Magnetars as Astrophysical Laboratories 

of Extreme QED: The Case for a Compton Telescope,” arXiv:1903.05648

✓“Physics and astrophysics of strong magnetic field systems with eXTP,” 

[Santangelo et al, Science China, Physics, Mechanics and Astronomy 62 

(‘19)]



Laboratory Astrophysics



Vacuum Birefringence on Earth

• The vacuum dressed by a strong field becomes a 

complicated optical medium. 

• Permittivity and permeability tensors in the weak field 

regime ( ൗ𝐵 𝐵𝑐 , ൗ
𝐸

𝐸𝑐 ≪ 1) [Klein, Nigam, PR B 135 (‘64)]

𝜀𝑖𝑗 = 𝛿𝑖𝑗 1 +
8𝛼2

45𝑚4
𝐸2 − 𝐵2 +

28𝛼2

45𝑚4
𝐵𝑖𝐵𝑗

𝜇𝑖𝑗 = 𝛿𝑖𝑗 1 +
8𝛼2

45𝑚4
𝐸2 − 𝐵2 +

28𝛼2

45𝑚4
𝐸𝑖𝐸𝑗

• The vacuum birefringence in a magnetic field 

𝑛⊥ = 1 + 4
𝛼2𝐵2 sin 𝜃2

90𝜋𝑚4 , 𝑛∥ = 1 + 7
𝛼2𝐵2 sin 𝜃2

90𝜋𝑚4 , sin 𝜃2 = 1 − 𝑘 ∙
𝐵

𝐵

2

• Project for the experiments with ultra-intense laser (driver)

and x-ray free electron laser (probe) [SEL 100-PW laser

project, Shen et al, PPCF 60, 2018]



X-Ray Polarimetry (relative phase shift ∆𝜙~
𝐿

𝜆

𝐵

𝐵𝑐

2

& ellipticity)

Radius 

[cm]

Magnetic 

Field [G]

𝝁 [G/cm3] rpl rpl/R tobs

Magnetar 106 1015 1033 3.0x108 300 10ks

XDINS
X-ray dim isol

ated NS

106 1013 1031 4.7x107 50* 1ks

XRP
X-ray pulsar

106 1012 1030 1.9x107 20 100ks

msXRP 106 109 1027 1.2x106 1.2

AM Her 106 108 1035 1.9x109 1.9

Black Hole 106+ ? N/A

[Heyl, Caiazzo, Galaxies 6 (‘18)] “Strongly Mag

netized Sources: QED and X-ray Polarization” 

Vacuum Birefringence in Highly 

Magnetized Neutron Stars/Magnetars



Evidence of Vacuum Birefringence from 

NS RX J1856.5-3754 
[Mignani et al, MNRAS 465 (‘17)]

With vacuum polarization effects Without vacuum polarization effects



Strong Field QED Processes



Nonlinear Compton Scattering (I)
• Dressed propagator for electron:

𝑆𝑖→𝑓 = −𝑖𝑒න𝑑4𝑥ഥΨ𝑝′𝛾
𝜇𝜀𝜇

∗ 𝑙 𝑒𝑖𝑙𝑥Ψ𝑝 = 2𝜋 4෍

𝑠≥1

𝑀 𝑠 𝛿4 𝑝′ + 𝑘′ − 𝑝 − 𝑠𝑘

• Narozhny-Nikishov-Ritus formula for photon number n [(‘64)]

𝑊𝑖→𝑓
𝑛

𝑎0, 𝜒

=
𝛼𝑚2

4𝑞0
න
0

𝑢𝑠 𝑑𝑢

1 + 𝑢2 2
−4𝐽𝑛

2 𝑧 + 𝑎0
2 2 +

𝑢2

1 + 𝑢
𝐽𝑛+1
2 𝑧 + 𝐽𝑛−1

2 𝑧 − 2𝐽𝑛
2 𝑧

𝑧 =
𝑎0
2 1+𝑎0

2

𝜒
𝑢 𝑢𝑛 − 𝑢 , 𝑢𝑛 =

2𝑛𝜒

𝑎0 1+𝑎0
2 , 𝜒 =

𝑒[ℏ]

𝑚3[𝑐4]
− 𝐹𝜇𝜈𝑝

𝜈 2



Nonlinear Compton Scattering (II)
• SLAC- E144 scattering schematics [PRD60 (‘99)]:

• Kinematic relation for 𝑝 + 𝑛𝑘 → 𝑝′ + 𝑘′ [Melissinos, in 

Strong Field Laser Physics (‘08)]:

𝜔′ =
2𝑛𝜔𝛾2 1 + 𝛽 cos𝛼

2𝛾2 1 − 𝛽 cos 𝜃 +
2𝑛𝜔𝛾2

𝛾𝑚𝑐2
+

𝜂2

1 + 𝛽 cos 𝛼
1 + cos 𝜃 − 𝛼

𝜂 =
𝑒

𝑚
𝐴𝜇𝐴𝜇 =

𝑒𝐸𝑟𝑚𝑠

𝑚𝜔𝑐
=
𝑎0

2



Nonlinear Compton Scattering

Unlike a free electron, an electron dressed by a strong field can 

spontaneously emits an energetic photon.

Non-perturbative features: high rate, long plateau, extreme order

The lowest-order SFQED process

The seed for other SFQED

processes, e.g., 

nonlinear Breit-Wheeler pair 

production and QED cascades



Photon-Photon Scattering

• Classical Maxwell theory is linear and thus prohibits a 

self-interaction (direct - scattering).

• QED permits  and  to interact with virtual e-e+ pair 

from the Dirac sea: the cross section in the low energy 

limit of the two colliding s in the center of momentum 

frame) [Euler (‘36); Akhiezer (‘37); Karplus, Neuman 

(‘50)]: a vacuum polarization effect

𝜎𝛾𝛾→𝛾𝛾 =
973

81000𝜋
𝛼2𝜆𝐶

2𝜂3, (𝜂 =
2𝜔∗2

𝑚2 )

= 7.4 × 10−66(𝜔∗[𝑒𝑉])6

• ELI is highly likely to detect it. ATLAS collaboration of 

LHC has observed the photon-photon scattering (‘15) and 

confirmed by CMS.



Light by Light Scattering at ATLAS

• Pb ions accelerated to very hig

h energy are surrounded by an 

enormous flux of photons.

• EM field up to 1023 V/cm.

• Two lead ions pass close by ea

ch other at the center ATLAS 

and result in light by light sca

ttering [Nat. Phys. 13 (‘17)].



Ritus-Narozhny Conjecture (I)

• Perturbative QED breaks down at 𝛼𝜒2/3 due to radiative 

corrections:



Ritus-Narozhny Conjecture (II)

• Radiative corrections to polarization:



Ritus-Narozhny Conjecture (III)

• Two different parameters for high intensity and 

energy [Ilderton, PRD 99 (‘19)]:

𝑎0 , 𝑏 =
𝑘𝑝

𝑚2

• Radiative corrections in high field

𝑃 𝑒, 𝛾|𝑒
𝜒~𝑎0→∞

~
𝛼𝜒2/3

𝑏

• Radiative corrections in high energy

𝑃 𝑒, 𝛾|𝑒
𝜒~𝑏→∞

~
𝛼𝑎0

3

𝜒
ln 𝜒



Magnetic Monopoles



Dirac Monopoles in Maxwell Theory

• Dirac introduced a magnetic monopole (& Dirac string) that 

quantizes charges 𝑒𝑔 = 𝑛/2 and  symmetrizes the 

Maxwell theory under 𝐸 ↔ 𝐵:

∇ ∙ 𝐸 = 4𝜋𝜌𝑒 , ∇ ∙ 𝐵 = 4𝜋𝜌𝑚
∇ × 𝐸 = −4𝜋Ԧ𝑗𝑚 − 𝜕𝐵/𝜕𝑡, ∇ × 𝐵 = 4𝜋Ԧ𝑗𝑒 + 𝜕𝐸/𝜕𝑡

• Dirac monopole is Wu-Yang monopole in fiber bundle 

topology.

• Lorentz force on dyons (electric charge 𝑞 and magnetic 

charge 𝑔):
Ԧ𝐹 = 𝑞 𝐸 + Ԧ𝑣 × 𝐵 + 𝑔 𝐵 − Ԧ𝑣 × 𝐸

• EM field generated by a point dyon

𝐸 = 𝑞
Ԧ𝑟

𝑟3
, 𝐵 = 𝑔

Ԧ𝑟

𝑟3



‘t Hooft-Polyakov Monopole

• Nonabelian Wu-Yang monopole in 𝑆𝑈 2 ∶ 𝐴𝜇 = 𝐴𝜇
𝐷𝑖𝑟𝑎𝑐𝜎3/2

• ‘t Hooft-Polyakov monopole in 𝑆𝑈 3 [‘t Hooft, NPB 79 (‘74); 

Polyakov, JETP 20 (‘74)]

𝐿 = −
1

4
𝐹𝜇𝜈
𝑎 𝐹𝑎𝜇𝜈 +

1

2
𝐷𝜇𝜙𝑎 𝐷𝜇𝜙

𝑎 − 𝑉 𝜙

𝜙𝑎 =
𝑟𝑎

𝑒𝑟2
𝐻 𝑒𝑣𝑟 , 𝐴𝑛

𝑎 = 𝜖𝑎𝑚𝑛

𝑟𝑚

𝑒𝑟2
1 − 𝐾 𝑒𝑣𝑟 , 𝐴0

𝑎 = 0

• Magnetically charged black hole in 𝑆𝑈 2 and the end state 

of an unstable RN black hole when the horizon radius 

larger than that of RN black hole with the same mass [Lee, 

Nair, Weinberg, PRL 68 (‘92)].



Conclusion

• Schwinger Effect in Curved spacetimes

– Symmetric spacetimes T2, S2, H2. BUT general spacetimes?

• BHs in dS space

– Magnetogenesis (QED in dS): cosmological magnetic fields 

(amplification of seed B)

– Breitenlohner-Freedman bound for stability (near-) extremal RN or 

KN BHs

– Primordial BHs with magnetic monopoles (dark matter?) 

– Primordial BHs with (dark) electric and/or magnetic charges (dark 

matter?)

– EM and GW radiations from PBH binaries with (dark) charges 

(observations?) [Lang Liu et al, (‘20), (‘22), (‘23)]

• X-ray polarimetry for highly magnetized sources: eXTP,

Compton Telescope,

• Laboratory Astrophysics: CoReLS, SEL, ELI


